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1. Outline 

1.1. Introduction. Nakajima's quiver varieties are certain smooth (not necessarily affine) complex 
algebraic varieties associated with quivers. These varieties have been used by Nakajima to give a 
geometric construction of universal enveloping algebras of Kac-Moody Lie algebras (as well as a 
construction of quantized enveloping algebras for affine Lie algebras) and of all irreducible integrable 
(e.g., finite dimensional) representations of those algebras. 

A connection between quiver representations and Kac-Moody Lie algebras has been first dis- 
covered by C. Ringel around 1990. Ringel produced a construction of Uq(n), the positive part of 
the quantized enveloping algebra Uq{Q) of a Kac-Moody Lie algebra g, in terms of a Hall algebra 
associated with an appropriate quiver. Shortly afterwards, G. Lusztig combined Ringel's ideas with 
the powerful technique of perverse sheaves to construct a canonical basis of Ug{n), see [L2], [L3]. 

The main advantage of Nakajima's approach (as opposed to the earlier one by Ringel and Lusztig) 
is that it yields a geometric construction of the whole algebra U{q) rather than its positive part. At 
the same time, it also provides a geometric construction of simple integrable {7(g)-modules. Naka- 
jima's approach also yields a similar construction of the algebra Uq^Lg) and its simple integrable 
representations, where Lg denotes the loop Lie algebra associated to g. □ 

There are several steps involved in the definition of Nakajima's quiver varieties. Given a quiver 
Q, one associates to it three other quivers, Q^, Q, and Q'^, respectively. In terms of these quivers. 



Note however that, unlike the Ringel-Lusztig construction, the approach used by Nakajima does not provide a 
construction of the quantized enveloping algebra Uq{g) of the Lie algebra g itself. A similar situation holds in the case 
of Hecke algebras, where the affine Hecke algebra has a geometric interpretation in terms of equivariant /f-theory, 
see [KL] . [CG] . while the Hecke algebra of a finite Weyl group does not seem to have such an interpretation. 
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various steps of the construction of Nakajima varieties may be illustrated schematically as follows 



Framed representation 
variety Rep Q*^ 



RepQ 



Nakajima variety A^a,0(v, w) : 



Hamiltonian reduction of 
RepQ^ = r*(Rep Q^), 
(= cotangent bundle of framed 
representation variety of Q) 



Hamiltonian reduction 
of RepQ = T*(RepQ) 



1.2. Nakajima's varieties and symplectic algebraic geometry. Nakajima's varieties also 

provide an important large class of examples of algebraic symplectic manifolds with extremely nice 
properties and rich structure, interesting in their own right. To explain this, it is instructive to 
consider a more general setting as follows. 

Let X be a (possibly singular) affinc variety equipped with an algebraic Poisson structure. In 
algebraic terms, this means that C[X], the coordinate ring of X, is equipped with a Poisson bracket 
{—,—}, that is, with a Lie bracket satisfying the Leibniz identity. 

Recall that any smooth symplectic algebraic manifold carries a natural Poisson structure. 

Definition 1.2.1. Let X be an irreducible affine normal Poisson variety. A resolution of sin- 
gularities IT : X ^ X is called a symplectic resolution of X provided X is a smooth complex 
algebraic symplectic manifold (with algebraic symplectic 2-form) such that the pull-back morphism 
TT* : C[X] —J- T{X,Oj^) is a Poisson algebra morphism. 

Below, we will be interested in the case where the variety X is equipped, in addition, with a 
-action that rescales the Poisson bracket and contracts X to a (unique) fixed point o E X. 
Equivalently, this means that the coordinate ring of X is equipped with a nonnegative grading 
C[X] = 0;^.g2 C'^IX] such that C^[X] = (V/c < 0), and C°[X] = C and, in addition, there exists a 
(fixed) positive integer m > 0, such that one has 

{c\xia[x]} c vi,i > 0. 

In this situation, given a symplectic resolution tt : X — > X, we call 7r~^(o), the fiber of tt over 
the -fixed point o G X, the central fiber. 

Symplectic resolutions of a Poisson variety with a contracting -action as above enjoy a number 
of very favorable properties: 
(!) The map tt : X ^ X \s automatically semismall in the sense of Goresky-MacPherson, i.e. 

one has dim(X Xx X) = dimX, cf. [Kl]. 
(ii) We have a Poisson algebra isomorphism tt* : C[X] ^r{X,Oj^), moreover, W(X,0^) = 

for all i > Q. The -action on X admits a canonical lift to an algebraic -action on X, 
see [Kl]. 
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(iii) The Poisson variety X is a union of finitely many symplectic leaves X = UXa, [K4], and 
each symplectic leaf Xq, is a locally closed smooth algebraic subvariety of X, [BG]. 

(iv) For any x £ X, we have H°'^'^{tt~^{x),C) = 0, moreover, the cohomology group 
H^'^{tt^^{x),C) has pure Hodge structure of type (A;, k), for any k >0, cf. [EV] and [K3]. 

(v) Each fiber of vr, equipped with reduced scheme structure, is an isotropic subvariety of X. 
The central fiber 7r~^(o) is a homotopy retract of X, in particular, we have H'{X,C) = 
H-i7r-\o),C)- 

The set X Xx X that appears in (i) may have several irreducible components and the semis- 
mallness condition says that the dimension of any such component is < dimX; in particular, 
the diagonal X G X xx X is one such component of maximal dimension. To prove (i), write to 
for the symplectic 2-form on X, and equip X x X with the 2-form 0, := p^uj + p2{—uj), where 
Pi : X X X ^ X, i = 1,2, denote the projections. Then, 17 is a symplectic form on X x X and it 
is not difficult to show that the restriction of to the (regular locus of the) subvariety X xx X 
vanishes. The inequality dimX Xx X < dimX, hence the semismallness of vr, follows from this. 

Essential parts of statements (ii) and (iv) are special cases of the following more general result, 
to be proved in section [531 below. 

Proposition 1.2.2. Let vr : X ^ X be a proper morphism, where X is a smooth symplectic 
algebraic variety and X is an affine variety. Then, one has 

(i) H'{X,0^) = for alli>0. 

(ii) Any fiber of vr is an isotropic subvariety. 

Example 1.2.3 (Slodowy slices). Let 5 be a complex semisimple Lie algebra and {e,h,f) C g 
an s[2-triple for a nilpotent element e G g. Write 3/ for the centralizer of / in g, and for the 
nilcone, the subvariety of all nilpotent elements of g. Slodowy has shown that the intersection 
Se := AAn (e + 3/) is reduced, normal, and that there is a C^-action on Se that contracts Se to e, 
cf. eg. |CGj . §3.7 for an exposition. 

The variety Se is called the Slodowy slice for e. 

Identify g with g* by means of the Killing form, and view Se as a subvariety in g*. Then, 
the standard Kirillov-Kostant Poisson structure on g* induces a Poisson structure on Se- The 
symplectic leaves in Se are obtained by intersecting e + 3/ with the various nilpotent conjugacy 
classes in g. 

Let B denote the flag variety for g and let T*B be the cotangent bundle on B. There is a 
standard resolution of singularities tt : T*B — > M, the Springer resolution, cf. eg. [CO, ch. 3]. It 
is known that Se ■= 7r~^(5e) is a smooth submanifold in T*B and the canonical symplectic 2-form 
on the cotangent bundle restricts to a nondegenerate, hence symplectic, 2-form on Se- Moreover, 
restricting vr to Se gives a symplectic resolution vre : 5e — Se, cf. |Gi2j . Proposition 2.1.2. The 
central fiber of that resolution is vr~^(e) = Be, the fixed point set of the natural action of the 
element e € g on the flag variety B. 

In the (somewhat degenerate) case e = 0, we have Se = M, and the corresponding symplectic 
resolution reduces to the Springer resolution itself. 

Example 1.2.4 (Symplectic orbifolds). Let {V,ijo) be a finite dimensional symplectic vector space 
and r C 5*^(^,0;) a finite subgroup. The orbifold X := V/T is an affine normal algebraic variety, 
and the symplectic structure on V induces a Poisson structure on X. Such a variety X may or 
may not have a symplectic resolution X — > X, in general. This holds, for instance, in the case 
of Kleinian singularities, that is the case where F C SL2{C) and X := C^/F. Then, a symplectic 
resolution tt : X ^ X does exist. It is the canonical minimal resultion, see |Kro| . 
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Recall that there is a correspondence, the McKay correspondence, between the (conjugacy classes 
of) finite subgroups T C SL2{C) and Dynkin graphs of A,D,E types, cf. |CSj , and ^4.61 below. 
It turns out that C^/F is isomorphic, as a Poisson variety, to the Slodowy slice 5e, where e is 
a subregular nilpotent in the simple Lie algebra g associated with the Dynking diagram of the 
corresponding type. 

Another important example is the case where T C G-L(f)) is a complex reflection group and 
V := I) X ij* = T*f) is the cotangent bundle of the vector space f) equipped with the canonical 
symplectic structure of the cotangent bundle. We get a natural imbedding F C Sp{V). One can 
show that, among all irreducible finite Weyl groups F, only those of types A,B, and C, have the 
property that the orbifold ([) x i)*)/T admits a symplectic resolution, see [GK], [Go]. 

In type A, we have F = S'„, the Symmetric group acting diagonally on C" x C" (two copies of the 
permutation representation). Thus, (C" x C^)/Sn = (C^)"'/5'n is the n-th symmetric power of the 
plane C^. The orbifold (C2)"/S'„ has a natural resolution of singularities vr : Hilb'"(C2) ^ (C^)"/^^, 
where Hilb"(C'^) stands for the Hilbert scheme of n points in C^. The map tt, called Hilbert-Chow 
morphism, turns out to be a symplectic resolution, cf. [Na3], §1.4. 

Example 1.2.5 (Quiver varieties). Let Q be a finite quiver with vertex set /. Let v,w € Z>q be 
a pair of dimension vectors. Nakajima varieties provide, in many cases, examples of a symplectic 
resolution of the form A^5i(v,w) —>■ A^o(v,w). Here, € is a 'stability parameter', and we write 
Aig{v,w) for the Nakajima variety jMo,6'(v, w), as defined in Definition 15.1.10) of ^ below. For 
9 = 0, the variety A4g{v,w) is known to be affine, see Theorem 14. 5. 6( i). 

Assume now that 9 is chosen to lie outside a certain collection {Hj} of 'root hyperplanes' in 
M^. Then, under fairly mild conditions, the Nakajima variety A4g(\r,w) turns out to be a smooth 
algebraic variety that comes equipped with a natural hyper-Kahler structure. The (algebraic) 
symplectic structure on ^^^(v, w) is a part of that hyper-Kahler structure. This part is independent 
of the choice of the stability parameter 9 as long as 9 stays within a connected component of the 
set \ {Uj Hj). In contrast, the Kahler structure on ^^^(v, w) does depend on the choice of 9 in 
an essential way. 

Nakajima's varieties encorporate many of the examples described above. For a simple Lie algebra 
of type A, for instance, all symplectic resolutions described in Example 11.2.31 come from appropriate 
quiver varieties, see |Maj . 

Similarly, the minimal resolution of a Kleinian singularity and the resolution vr : IIilb"(C^) — > 
{C'^)"'/Sn, see Example 11.2.41 are also special cases of symplectic resolutions arising from quiver 
varieties. There are other important examples as well, eg. the ones where the group F is a wreath- 
product. 

Quiver varieties provide a unifying framework for all these examples, from both conceptual and 
technical points of view. Here is an illustration of this. 

Remark 1.2.6. The odd cohomology vanishing for the fibers of the Springer resolution, equivalently, 
for the e-fixed point varieties Be C B, was standing as an open problem for quite a long time. This 
problem has been finally solved in [DCLP]. The argument in [DCLP] is quite complicated, in 
particular, it involves a case-by-case analysis. 

The odd cohomology vanishing for the fibers of the map A^6)(v, w) — > A4o{v,w) was proved in 
[Na4| . Nakajima's proof is based on a standard result saying that rational homology groups of a 
complete variety that admits a 'resolution of diagonal' in i^T-theory, cf. |CG|, Theorem 5.6.1], is 
spanned by the fundamental classes of algebraic cycles 



It is not known whether it is true or not that, for any nilpotent element e in an arbitrary semisimple Lie algebra 
0, the variety 5e, cf. Example 11.2.31 admits a resolution of diagonal in K -theory. 
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Property (iv) of symplectic resolutions stated earlier in this subsection provides an alternative, 
more conceptual, unified approach to the odd cohomology vanishing of the fibers of the map tt in 
the above examples. 

1.3. Reminder. Throughout the paper, the ground field is the field C of complex numbers. 

We fix a quiver Q, i.e., a finite oriented graph, with vertex set I and edge set E. We write (5°^ 
for the opposite quiver obtained from Q by reversing the orientation of edges. 

For any pair i,j € /, let denote the number of edges of Q going from j to i. The matrix 
Aq := Ijajjll is called the adjacency matrix of Q. 

On C^, one has the standard euclidean inner product a ■ (3 := X^jg/ ctiA- Thus, the (non- 
symmetric) bilinear form associated with the adjacency matrix reads 

Aqa-P = ^ atail(x) /3head(a;)! «, /? G C''^. 

Let C/ be the algebra of C-valued functions on the set /, equipped with pointwise multiplication. 
This is a finite dimensional semisimple commutative algebra isomorphic to ©jg/C. We write Ij for 
the characteristic function of the one point set {i} C /. 

Let CE be a C-vector space with basis E. The vector space CE has a natural C/-bimodule 
structure such that, for any edge x E E, we have Ij ■ x ■ li = x ii j = tail(x) and i = head(a;), and 
Ij ■ X ■ li = otherwise. 

One defines the path algebra ofQ as CQ := Tci{CE), the tensor algebra of the C/-bimodule CE. 
For each i E I, the element Ij G CI C CQ may be identified with the trivial path at the vertex i. 

Let B be an arbitrary C-algebra equipped with an algebra map CI — > B, eg. B is a quotient of 
the path algebra of a quiver. Abusing the notation, we also write Ij for the image of the element 
li G CI in B. Associated with any finite dimensional left S-module M, there is its dimension 
vector dim/M € Zi,Q, such that the zth coordinate of dim/M equals (dim/ M)j := dim(lj • M), 
where we always write dim = dime. 

Note that a left C/-module is the same thing as an /-graded vector space. Given an /-graded 
finite-dimensional vector space V = ©jg/Fj, we let Rep(i?,F) denote the set of algebra homo- 
morphisms p : B ^ EndcV such that p\ci, the pull-back of p to the subalgebra CI, equals the 
homomorphism coming from the C/-module structure on V. The group HiG/ ^^(^) ^^^^ naturally 
on Rep(S, V) by 'base change' automorphisms. 

Let V = {vi)i^j € Z>Q be an /-tuple, to be referred to as a 'dimension vector'. Given an /- 
graded vector space V = ©jg/Vi, such that dimFj = Vi for all i G /, we will often abuse the 
notation and write GL{vi) for GL{Vi), resp. Rep(/?, v) for Rep(/?, V). In the special case B = CQ, 
we simplify the notation further and write Rep((5, v) := Rep{CQ,\), the space of v-dimensional 
representations of Q. 

We put Gv := Ilie/ GL{vi). Thus, Gv is a reductive group, and Rep((3, v) is a vector space that 
comes equipped with a linear Gv-action, by base change automorphisms. We have 

dimRep(Q, v) = Aqv • V, dimGv = v-v. (1.3.1) 

Note the the subgroup C Gv, of diagonally imbedded invertible scalar matrices acts trivially 
on Rcp((5, v). 

We will very often use the following elementary result 

Lemma 1.3.2. Let B he an algebra equipped with an algebra map CI — > B. Then, the isotropy 
group of any point o/Rep(/?, v) is a connected subgroup of G^- 

Proof. Let M be a representation of B, and write Ends M for the algebra of S-module endomor- 
phisms of M. It is known (and easy to see) that the isotropy group G*^ of the point M G Rep(B, v) 
may be identified with the group of invertible elements of the algebra Ends M. 
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We claim that, more generally, the set of of invertible elements of any finite dimensional 
C-algebra A is connected. To see this, we observe that the set A^^^^, of noninvertible elements of 
A, is a hypersurface in A given by the equation det ma = 0, where ma denotes the operator of left 
multiplication by an element a & A. 

Such a hypersurface has real codimension > 2 in A, hence cannot disconnect A, a real vector 
space. Therefore, the set A^ = A ^ A**™^, of invertible elements, must be connected. □ 

2. Moduli of representations of quivers 

2.1. Categorical quotients. Naively, one would like to consider a space of isomorphism classes 
of representations of Q of some fixed dimension v. Geometrically, this amounts to considering the 
orbit space Rep((5, v)/Gv. Such an orbit space is, however, rather 'badly behaved' in most cases. 
Usually, it does not have a reasonable Hausdorff topology, for instance. 

One way to define a reasonable orbit space is to use a categorical quotient 

Rep(Q, v)//Gv := SpecC[Rep(Q, v)]^^ 

the spectrum of the algebra of Gv-invariant polynomials on the vector space Rep(Q, v). By defini- 
tion, Rep((5, v)//Gv is an affine algebraic variety. 

To understand the categorical quotient, we recall the following result of Le Bruyn and Procesi, 
ILBPI, 

Proposition 2.1.1. The algebra C[Rep((5, v)]'^'^ is generated by the functions Tr(p, — ) : V i— > 
Tr(p, V), where p runs over the set of oriented cycles in Q of the form p = Pi^^i2 -^2,13 ' • • • ' 
Pis,ii^ (Pij ^ -^)' ^'^'^ where Tt{p,V) denotes the trace of the operator corresponding to such a cycle 
in the representation V G Rep(Q,v). 

The above proposition is a simple consequence of H. Weyl's 'first fundamental theorem of Invari- 
ant theory\ cf. [Kraj . The proposition yields 

Corollary 2.1.2. For a quiver Q without oriented cycles, one has C[Rep((5, v)]'-'^ = C, hence, we 
have Rep((3, v)//Gv =pt. □ 

Combining Proposition 12.1.1] with standard results from invariant theory, cf. [Mul Theorem 5.9], 
one obtains the following 

Theorem 2.1.3. Geometric (= closed) points of the scheme SpecC[Rep((5, v)]*^" are in a natural 
bisection with G^-orbits of semisimple representations of Q. □ 

Corrolary 12.1.21 shows that the categorical quotient may often reduce to a point, so a lot of 
geometric information may be lost. 

A better approach to the moduli problem is to use a stability condition and to replace the orbit 
space Rep(Q, v)/Gv, or the categorical quotient Rep((5, v)//Gv, by an appropriate moduli space of 
(semi)-stable representations. There is a price to pay: moduli spaces arising in this way do depend 
on the choice of a stability condition, in general. 

2.2. Reminder on GIT. The general theory of quotients by a reductive group action via stability 
conditions has been developed by D. Mumford, and is called Geometric Invariant Theory, cf. [GIT] . 

To fix ideas, let X be a not necessarily irreducible, affine algebraic G-variety, where G is a 
reductive algebraic group. Given a rational character (= algebraic group homomorphism) x : G — > 
C^, Mumford defines a scheme Xjj-^G in the following way. Let G act on the cartesian product 
X X C by the formula g : {x,z) 1— > {gx,x{g)^^ ■ z) (more generally, the cartesian product X x C 
may be replaced here by the total space of any G-equivariant line bundle on X). The coordinate 

6 



ring of X X C is the algebra C[X x C] = C[X][z], of polynomials in the variable z with coefficients 
in the coordinate ring of X. This algebra has an obvious grading by degree of the polynomial. 

Let Ay. := C[X x C]*^ be the subalgebra G-invariants. Clearly, this is a graded subalgebra which 
is, moreover, a finitely generated algebra by Hilbert's theorem on finite generation of algebras of 
invariants, cf. [Kra^ ch. II, §3.1]. Explicitly, a polynomial f(z) = X^^=o /" ' ^ is G- 

invariant if and only if, for each n = 0, . . . ,N, the function /„ is a x^-semi-invariant, i.e. if and 
only if one has 

fnig'Hx)) = xigT ■ fn{x), ygGG, xex. 

Write • 5 ^ xid)"' for the n-th power of the character x and let C[X]''^" C C[X] be the vector 
space of x'^-semi- invariant functions. It is clear that we have 

:= C[X X C]« = e„>0 C[Xf\ 

and the direct sum decomposition on the right corresponds to the grading on the algebra Ay.. 

Let X//^G := Proj^^ be the projective spectrum of the graded algebra A^. This is a quasi- 
projective scheme, called a GIT quotient of X by the G-action; the scheme XjjyJG is reduced, resp. 
irreducible, whenever X is (since Ay^ has no nilpotents, resp. no zero divisors, provided there are 
no nilpotents resp. no zero divisors, in C[X]). 

Put := 0„>Q C[X]^ . Let be the set of homogeneous ideals / C Ay^ such that one has 
/ 7^ Ay^ and A^^ (/i I. An ideal / £ =^ is said to be a 'maximal homogeneous ideal' if it is not 
properly contained in any other ideal /' G J^. Geometric points of the scheme XjjyG correspond 
to the maximal homogeneous ideals. 

In general, for n = 0, we have C[X]^" = C[X]'^, is the algebra of G-invariants. Thus, we have 
a canonical algebra imbedding C[X]'^ ^ Ay^ as the degree zero subalgebra. Put another way, the 
algebra imbedding C[X]'^ ^ C[X x C]*^ = Ay^ is induced by the first projection X x C ^ X. 

Standard results of algebraic geometry imply that the algebra imbedding C[X]'^ ^ Ay^ induces 
a 'projective morphism of schemes vr : Pro] Ay^ — > SpecC[X]'^ = X//G. 

Remark 2.2.1. In the special case where G = and A = C[no, ui, . . . , Um\, is a polynomial algebra, 
we have Proj A = = (C^+i \ {0})/C^ . 

More generally, given a reductive group G and a nontrivial character x '■ G ^ , put K := 
Ker x- Thus, K is a normal subgroup of G and one has G/K = . 

Now, let X be an affine G-variety such that C[X]^" = for any n < 0. Let X//K = Spec(C[X]^) 
be the categorical quotient of X by the iT-action. There is a natural residual action of the group 
G/K = on X//K, equivalently, there is a natural nonnegative grading on the algebra C[X]^. 
Then, it is straightforward to show that Xjjy^G = Proj(C[X]^). Furthermore, geometric points 
of the scheme ProJ(C[X]^) correspond to C^-orbits in {X//K) \ Y , where Y denotes the set of 
C^-fixed points in X//K. 

Remark 2.2.2. For any character G ^ and any positive integer m > 0, one may view the algebra 
Amx as a graded subalgebra in Ay^ via the natural imbedding Amx = ©n>o m|n ^ Ay^ = 

0„>Q C[X]'^", called the Veronese imbedding. One can show that the Veronese imbedding induces 
an isomorphism X// y^G ^ X//mxG, of algebraic varieties. 

Given a nonzero homogeneous semi-invariant / S Ay^ we put Xf := {x G X j /(x) ^ 0}. To 
get a better understanding of the GIT quotient X//^G, one introduces the following definition, see 
[GiT] . 

Definition 2.2.3. (i) A point x & X is called x-semistable if there exists n > 1 and a x^semi- 
invariant f € C[X]-^" such that x € Xj. 
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(ii) A point X £ X is called x-stable if there exists n > 1 and a -semi-invariant f G C[X]-^" 
such that X E Xf and, in addition, one has: (1) the action map G x Xf — > Xj is a closed morphism 
and (2) the isotropy group of the point x is finite. 

Write X^ , resp. X^, for the set of semistahle, resp. stable, points. Thus, we have X^ C 

^ ^■ 

(iii) Two x-semistable points x,x' are called S'-equivalent if and only if the orbit closures G ■ x 
and G ■ x' meet in X^^ . 

A 

Note that the G-orbit of a stable point is an orbit of maximal dimension, equal to dimG, 
moreover, such a stable orbit is closed in X^^. Hence, two stable points are S-equivalent if and 
only if they belong to the same orbit. 

By definition, we have that X^^ = ^{f^degf>o} is a G-stable Zariski open subset of X. 
Furthermore, there is a well defined morphism F : X^^ — s- X//^G, of algebraic varieties, which is 
constant on G-orbits. The image of a G-orbit O C X^^ is a point corresponding to the maximal 
homogeneous ideal 3a C A-^ formed by the functions / G A^ such that f{0) = 0. 

One of the basic results of GIT reads 

Theorem 2.2.4. (i) The morphism F induces a natural bijection between the set of S- equivalence 
classes of G- orbits in X^^ and the set of geometric points of the scheme Xjj^G. 

(ii) The image of the set of stable points is a Zariski open (possibly empty) subset F{X^) C 
X//^G; moreover, the fibers of the restriction F : X^ Xjj -^G are closed G-orbits of maximal 
dimension, equal to dimG. 

Example 2.2.5. For the trivial character x = 1, we have A^ = C[X]'-'[z]. The regular function 
z G A^ is a homogeneous degree one regular function that does not vanish on X. Therefore, we 
have X = Xz and any point x £ X is x-stable. Such a point is x-stable if and only if the G-orbit 
of X is a closed orbit in X of dimension dim G. Furthermore, one has 

X//^G = Proj^x = Pro]{C[Xf[z]) = SpecC[X]^ = X//G, for x = 1- 

In this case, the canonical map vr becomes an isomorphism X//^G ^ X//G. 

We will frequently use the following result which is, essentially, a consequence of definitions. 

Corollary 2.2.6. (i) Let X be a smooth G-variety such that the isotropy group of any point of X 
is connected. Then the set F{X^) is contained in the smooth locus of the scheme X//y.G. 

(ii) Assume, in addition, that X is affine and that the G-action on X'^^ is free. Then any 
semistable point is stable, the scheme Xjj ^G is smooth. Furthermore, the morphism F : X** — > 
X//^G is a principal G-bundle (in etale topology). □ 

In the situation of (ii) above, one often calls the map F (or the variety X// ^G) a universal 
geometric quotient. 

2.3. Stability conditions for quivers. A. King introduced a totally different, purely algebraic, 
notion of stability for representations of algebras. He then showed that, in the case of quiver 
representations, his definition of stability is actually equivalent to Mumford's Definition 12. 2. 3[ 

To explain King's approach, fix a quiver Q and fix G M^. It will become clear shortly that the 
parameter is an analogue of the group character x : G — C^, in Mumford's theory. 

Let V = ©ig/Vi be a finite dimensional nonzero representation of Q with dimension vector 
dim/ V G Z^. One defines the slope of V by the formula slopeQ{V) := {6 ■ dim/ V)/ dime V, where 
dime := X^ie/*^™^- Using the vector 9^ := (1,1,..., 1) G Z^, one can alternatively write 
dime V = ■ dim/ V. 
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Definition 2.3.1. A nonzero representation V of Q is said to be 6-semistahle if, for any subrep- 
resentation N C V , we have siopeg(A^) < slopeg{V). 

A nonzero representation is called 9-stable if the strict inequality holds for any nonzero proper 
subrepresentation N C V . 

Example 2.3.2. Let 6 = 0. Then, any representation is 0-semistable. Such a representation is 
^-stable if and only if it is simple as an CQ-module. 

Remark 2.3.3. (i) Our definition of semistability in terms of slopes follows the approach of Rudakov 
[Rut §3]. In the case where 6 ■ dim/ V = the inequality of slopes in Definition 12.3. II reduces to the 
condition that 6 ■ N < 0. The latter condition, combined with the requirement that ■ dim/ V = 0, 
is the original definition of semistability used by King jKij . Rudakov's approach is more flexible 
since it works well without the assumptions that ■ dim/ V = 0. 

(ii) Let € and put 6' = 9 — c-9^ , where c € M is an arbitrary constant. It is easy to see that 
a representation V is 0-semistable in the sense of Definition 12.3.11 if and only if it is ^'-semistable. 
On the other hand, given y , one can always find a constant c G M such that one has 9' ■ dim/ V = 0, 
see |Ru| . Lemma 3.4. 

The definition of (semi) stability given above is a special case of a more general approach due to 
A. King [Kij . who considers the case of an arbitrary associative C-algebra A. 

Given such an algebra A, let Kf^^{A) denote the Grothendieck group of the category of finite 
dimensional yl-modules. This is a free abelian group with the basis formed by the classes of simple 
finite dimensional A- modules. Note that the assignment V i— > dime V extends to an additive group 
homomorphism K^^i^) ~^ 1^- 

Given any other additive group homomorphism </> : K^-^ {A) M and a nonzero finite dimensional 
^-module V, one puts slope^{V) := dime V, where [V] stands for the class of V in K^^^iA). 

Following King and Rudakov, one says that a finite dimensional ^-module V is (/)-semistable, if for 
any nonzero j4-submodule N C V, we have slope^{N) < slope^iV). 

This definition specializes to Definition 12.3.11 as follows. One takes A := CQ. Then, the as- 
signment [V] I— >■ dim/ V yields a well defined group homomorphism dim/ : Kf^j^^CQ) JJ . Now, 
for any G M^, define a group homomorphism (^q : — > R, x i— > 9i ■ Xi. This yields an 
obvious isomorphism ^ Hom(Z^,M), 9 i— > <fig. Thus, given 9 G M^, one may form a composite 
homomorphism Kf[^{CQ) — > Z-'^ — > M, [V] i— >■ 9 ■ dim/ V. 

For this last homomorphism, the general definition of semistability for ^-modules reduces to 
Definition EXH 

Remark 2.3.4. Assume that the quiver Q has no oriented cycles. Then, it is easy to show that any 
simple representation y of Q is 1-dimensional, i.e., there exists a vertex i G / such that Vi = C and 
Vj = for any j ^ i. It follows that the map dim/ : Kf^^iCQ) — > Z^, [V] i— > dim/ V is in this case 
a group isomorphism. 

Proposition 2.3.5. Fix an additive group homomorphism (j) : Kfln{A) M. Then, finite dimen- 
sional 4>-semistahle A-modules form an abelian category. An A-module is (p-stable if and only if it 
is a simple object of this category. 

Proof. The proposition states that, for any pair M,N, of 0-semistable vl-modules, the kernel, resp. 
cokernel, of an A-module map / : M — > is 0-semistable again. 

To prove this, put K := Ker(/) and write slope{—) for slopeg{—). Then, the imbedding M/K ^ 
N yields slope{M / K) < slope{N) = slope{M). Hence, alying \Ru\ Lemma 3.2 and Definition 1.1] 
to the short exact sequence K ^ M ^ M/K, we get slope{K) > slope{M). On the other hand, 
since AT is a submodule of M, a semistable module, we have slope{K) < slope{M). Thus, we 
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obtain that slope{K) = slope{M). It follows that, for any submodule E C K, we have slope{E) < 
slope{M) = slope{K), since E C M. Thus, we have proved that K is (/)-semistable. 

Next, write C for the cokernel of the map /. Then, one proves that slope{C) = slope{N) and, 
moreover, slope{C) < slope{F) for any quotient F of C. This implies that C is a (/)-semistable 
A-module, see [Ru], Definition 1.6 and the discussion after it. 

We leave details to the reader. □ 

We return to the quiver setting, and fix a quiver Q with vertex set I. As a corollary of Proposition 
12. 3. 5^ we deduce that any ^-semistable representation V, of Q, has a Jordan-Holder filtration 
= Vb C Fi C . . . C Vm = V, by subrepresentations, such that V^/V^-i is a ^-stable representation 
for any k = 1, . . . ,m. The associated graded representation gr'' V := Vk/Vk-i does not depend, 
up to isomorphism, on the choice of such a filtration. 

To relate Mumford's and King's notions of stability, we associate with an integral vector 9 = 
{9i)i^j G Z^, a rational character 

Remark 2.3.6. Fix a representation V, of Q, and put v = dim/ V. It is clear that the character X0 
vanishes on the subgroup C Gv if and only if we have 6 ■ v = 0. 

The main result of King relating the two notions of stability reads 

Theorem 2.3.7. For any dimension vector v and any 6 ^ 1^^ such that 6 ■ v = 0, we have 

(i) A representation V £ Rep(Q,v) is Xd-semistahle, resp. xo-stable, in the sense of Definition 
\2.2.3\ if and only if it is 9-semistable, resp. 9-stable, in the sense of Definition \2.3n[ 

(ii) A pair V,V' , of xe-scmistahle representations, are 5-equivalent in the sense of Definition 
\2.2.3\ if and only if one has gi^ V = gr^ V . □ 

Let RepKQ, v) denote the set of stable, resp. Rep^''(Q, v) denote the set of semistable, repre- 
sentations of dimension v. We write 7^6»(v) = TZg{Q,v) := Repg'*(Q, v)//^gGv. By Theorem 12.2.41 
this is a quasi-projective variety. 

Corollary 2.3.8 (A. King), (i) The group G^/C^ acts freely on the set R,epg{Q,v), of 6 -stable 
representations. The orbit set 7?.^(v) := Repg(Q,v)/Gv is contained in TZeiy) as a Zariski open 
(possibly empty) subset. 

(ii) Assume that Q has no edge loops. Then, the vector v € Z>q is a Schur vector (i.e. there 
exists a simple representation of Q of dimension v ) for Q if and only if there exists 6 £ "L^ such 
that 

^•v = and Repg(Q,v)/0. 
For such a 6, we have dim7^g(v) = 1 + ^qv, v — v • v. 

Proof of (i). Let g he an element of the isotropy group of V, such that g ^ , and let c G C be an 
eigenvalue of g. Then N := Kei^g — cid) is a nontrivial subrepresentation of V. Clearly, the group 
acts trivially on N. Hence, we have dim/ • v = 0, contradicting the definition of stability. It 
follows that the group G^/C^ acts freely on Repg(Q, v). □ 

According to Example 12.2.51 we get 

Corollary 2.3.9. In the special case = 0, one has 

7^o(v) = Rep(Q,v)//Gv = SpecC[Rep(g, v)]^-. 

For any 9 G Z^, there is a canonical projective morphism it : 7^g((5, v) Rep((5, v)//Gv. □ 
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Remark 2.3.10. Note that a representation 1/ of Q is 0-semistable if and only if V*, the dual 
representation of Q°^, is (— 0)-semistable. Thus, taking the dual representation yields canonical 
isomorphisms 

Rep- (Q,v)^ Repine (Q°P,v), resp. 7^e(Q, v) ^ 7^_e(Q°^ v). 

3. Framings 

Our exposition in this section will be close to the one given by Nakajima in |Na5j . 

3.1. The set TZq{Q,v) is often empty in various interesting cases of quivers Q and dimension 
vectors v. Introducing a framing is a way to remedy the situation. 

To explain this, fix a quiver Q with vertex set /. We introduce another quiver Q^, cahed the 
framing of, Q as follows. The set of vertices of Q'^ is defined to be / U /', where /' is another copy 
of the set /, equipped with the bijection I ^ I' , i i— > i' . The set of edges of Q'^ is, by definition, a 
disjoint union of the set of edges of Q and a set of additional edges ji : i — > i', from the vertex i to 
the corresponding vertex i' , one for each vertex i & I. 

Thus, giving a representation of amounts to giving a representation x, of the original quiver 
Q, in a vector space V = ®i£iVi together with a collection of linear maps Vi ^ Wi, i G I, where 
W = (Bi£iWi is an additional collection of finite dimensional vector spaces, where Wi is 'placed' 
at the vertex i' S /'. We let w := dim/ € Z>q denote the corresponding dimension vector, and 
write j : V —I- W to denote a collection of linear maps jj : Vi ^ Wi, i G I, as above. 

With this notation, a representation of is a pair (x,j), where x is a representation of Q in 
y = (Bi Vi, and j : V ^ W is arbitrary additional collection of linear maps. Accordingly, dimension 
vectors for the quiver are elements v x w G x = Z^^^ . We write Rep((5^, v, w) := 
Rep((5'', V X w) for the space of representations (x, j), of Q^, of dimension dim/ V = v, dim/ W = 
w. 

We define a Gv-action on Rep((5^, v, w) by g : (x,j) i-^ {gj(.g^^ ,]o g^^^^ where we write j°g~^ 
for the collection of maps Vi Vi Wi. 

Remark 3.1.1. The group = Hig/ GL{Vi) may be viewed as a subg roup m x G-^ — 
Yii^i GL{Wi) X Yliei GL{Wi). The later group acts on Rep((5^, v, w) according to the general 
rule of §1.31 applied in the case of the quiver . The Gv-action defined above is nothing but the 
restriction of the G^ x Gw-action to the subgroup Gy,. 

From now on, we will view Rep(Q^, v, w) as a Gv-variety, and will ignore the action of the other 
factor, the group Gw "0 

There is a slightly different but equivalent point of view on framings, discovered by Crawley- 
Boevey [CBlj . p. 261. Given a quiver Q, with vertex set /, and a dimension vector w = {wi)i^i € 
Z>Q, Crawley-Boevey considers a quiver with the vertex set equal to / U {oo}, where oo is a 
new additional vertex. The set of edges of the quiver is obtained from the set of edges of Q by 
adjoing Wi additional edges i — oo, for each vertex i G I. 

Next, associated with any dimension vector v = {vi)i£i G Z>q, introduce a dimension vector 

V G z{,^^°°-'^ such that Vi := Vi for any i £ I, and Voo ■= 1- We have a natural group imbedding 
Gv ^ Gv that sends an element g = (gi) G Yli^j GL{vi) to the element g = (5i)jg/u{oo} ^ 
riie/uloo} ^-^(^*)' where gi := gi for any i G / and ^oo := Id- Note that this imbedding induces 
an isomorphism Gv— >G^/C^. Thus, we may (and will) view Rep((5^,v) as a Gv-variety via that 
isomorphism. 

Let V = ®{/u{oo} resp. W = (BieiWi, be a vector space such that dim/ y = v, resp. 
dim/ W = w. We identify Vqq with C, a 1-dimensional vector space with a fixed base vector. 
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For each i G /, we choose a basis of the vector space Wi. Then, given any collection of Wi linear 
maps Vi Voo (corresponding to the Wi edges i — > cxd of the quiver Q'^), one can use the basis 
in Wi to assemble these maps into a single linear map ji : Vi ^ Wi. This way, we see that any 
representation of the quiver Q"" in the vector space V gives rise to a representation of the quiver 
Q^, that is, to a point in Kep{Q^ ,V,W). The resulting map Rep((5'*^,v) Rep(Q'', v, vi^) is a 
Gv-equivariant vector space isomorphism that depends on the choice of basis of the vector space 
W. However, the morphisms corresponding to different choices of basis are obtained from each 
other by composing with an invertible linear map g : Rep((5^,v,w) Rep(Q'',v,w) that comes 
from the action on Rep((5^, v, w) of an element g of the group Gw 

3.2. Stability for framed representations. We may apply the general notion of stability in 
GIT, cf. Definition 12.2.31 in the special case of the Gv-action on the variety Rep((5^, v, w) and a 
character xe ■ Gv ■ 

The notion of (semi)stability for framed representations of the quiver in the sense of Definition 
12.2.31 may not agree with the notion of (semi)stability for representations of in the sense of 
Definition 12.3.11 This is because the general Definition 12.2.31 refers to a choice of group action. 
Considering a representation of as an ordinary representation without framing refers implicitly 
to the action of the group G = G^ x G-w, while considering the same representation as a framed 
representation refers to the action of the group G = G^ ■ 

Let € M^. A convenient way to relate the ^-stability of framed representations to King's results 
is to use the Gv-equivariant isomorphism Rep((5^, v) — > Rep((5^, v, w) described at the end of the 
previous subsection. Recall that we have Gv = G^/C^ , where the subgroup C G^, of scalar 
matrices, acts trivially on Iiep{Q^ ,v). Further, define a vector 6 € M^^'t°°J' by 9i := 9i for any 
i (z I and Boo '■= —'^i^jdi ■ t^i- In this way, all the results of ^2.31 concerning ^-stability for the 
G^-action on Rep((5^, v) may be transferred into corresponding results concerning ^-stability for 
the Gv-action on Rep(Q^, v, w). 

Remark 3.2.1. Note that the Gv-action on Rep((5'', v, w) does not factor through the quotient 

Gv/C\ 

Observe also that our definition of the vector 9 insures that one has v • ^ = 0. 
Below, we restrict ourselves to the special case of the vector 

0+ := (1, !,...,!) GZ^o- (3-2.2) 
We write 'semistable' for '0+-semistable', and let Rep**((3^, v, w) denote the set of semistable 

representations of of dimension (v,w). Further let 7^ (v, w) := Rep*'*((5^, v,w)//^^_i_ Gv be the 

corresponding GIT quotient. 
We have the following result. 

Lemma 3.2.3. (i) A representation (x,j) G Rep(Q^, v, w), in vector spaces {V,W), is semistable 
(with respect to the G^-action on Rep(Q^, v,w) ) if and only if there is no nontrivial subrepresen- 
tation V' C V, of the quiver Q, contained in Ker j. 

(ii) The group Gv acts freely on the set Rep''^''^{Q'^ moreover, any semistable representation 
is automatically stable. 

(iii) 7^(v,w) is a smooth quasi-projective variety and the canonical map Rep^^(Q^,v,w)/Gv 
— >■ TZ{v, w) is a bisection of sets. 

Proof. Part (i) follows by directly applying Theorem 12.3.71 to the G^-action on Rep((5^,v). To 
prove (ii), let 5 7^ Id be an element of the isotropy group of a representation V S Rep*'*((5^, v, w). 
Then, V' := KeT{g — Id) is a subrepresentation of V that violates the condition of part (i). Part 
(ii) follows from this. Part (iii) follows from (ii) by Corollary 12.2.61 □ 
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Proposition 3.2.4 (King), (i) Assume that Q has no edge loops and the set of 9 -stable (v,w)- 
dimensional framed representations of Q is nonempty. Then, we have 

dim7^0(v, w) = v-w + Aqv, v — v • v, (3.2.5) 

(ii) If Q has no oriented cycles then the scheme 7^e(v,w) is a (smooth) projective variety. 

Sketch of proof of formula (j3.2.5p . Observe first that we have 

dimRep((5'', V, w) = vi^ • v + Aqv ■ v. 

Furthermore, one shows that, for 6 as in the statement of the proposition, the set Repg((5^, v, w) 
is Zariski open in Rep(Q^, v, w). The Gv-action on Repg((5^, v, w) being free, we compute 

dim7^e(v,w) = dim (Rep"(Q'^, v, w)/Gv) 

= dimRep''(Q^, V, w) — dimGv = dimRep((5'', v, vi^) — dimGv 

= W • V + AqV • V — V • v. □ 

Example 3.2.6 (Jordan quiver). Let Q be a quiver with a single vertex and a single edge-loop at 
this vertex. For any positive integers n,m G Z'^ = Z, we have Rep((5,ra) = EndC^. Further, we 
have 

Hence, we get Rep((5^, n,m) = EndC" x Hom(C",C™). 

First, let m = 0, so we are considering representations of Q, not of Q^. It is clear that, 
for 6 = = 1, any n-dimensional representation of Q is ^-semistable. There are no stable 
representations unless n < 1.. 

Let S„ denote the Symmetric group and let C"/S„ be the set of unordered n-tuples of complex 
numbers viewed as an affine variety. The map sending an n x n-matrix to the (unordered) n-tuple 
of its eigenvalues yields an isomorphism Tl{n) = ReTp{Q,n)//GLn ^C"/S„. 

Now, take m = 1, so we get Rep(Q^,n,m) = EndC" x Hom(C",C). A pair (x,j) G EndC" x 
(C")* is semistable if and only if the linear function j : C" — > C is a cyclic vector for x* : (C")* — s- 
(C")*, the dual operator. 

It is known that the GL„-action on the set Rep*(Q'', n, 1), of such pairs (x, j), is free. Moreover, 
sending (x, j) to the unordered n-tuple of the eigenvalues of x yields a bijection between the set of 
GL„-orbits in Rep^{Q'^ ,n, 1) and C"/S„. Thus, in this case, we have isomorphisms TZ{Q^ ,n, 1) = 
n'{n) ^ C"/S„. 

Example 3.2.7 (Type A Dynkin quiver). 

n-2 rt-1 n 
• ^ • • 

In this case, we have / = {1, 2, . . . , n} and Rep((5, v) IjGL^ = pt, since Q has no oriented cycles. 

We let V = {vi,V2, ■ ■ ■ , Vn) and = (r, 0, 0, . . . , 0), where r > ui > f2 > • • • > I'n > 0, is a 
strictly decreasing sequence of positive integers. An element of Rep((5'', v, vi^) has the form (x,j), 
where x = {xi-n : — C''*~i)i=2 n-, and the only nontrivial component of j is a linear map 
j:=ji:C-i^d. 

Observe that the collection of vector spaces 

Fi := Image(joX2i° . . . °Xj_i,i) C C, i = l,...,n, 

form an n-step partial flag, -Fi C -F2 C . . . C -F^ = C'', in C^. Now, the stability condition amounts, 
in this case, to the injectivity of each of the maps j, X12, . . . , x„_i^„. It follows that we have 

dim Fi = dimlmage(j °X2i ° . . . oXj_i.j) = dimC^' = Vi. 
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Let !F{n, W) be the variety formed by n-step partial flags F = {Fi C F2 C . . . C Fn = W), such 
that dim Fi = Vi, Vz € /. In this way, for the corresponding moduli space, one obtains an isomor- 
phism 7^(v,w) = J^{n,W). In particular, 7^(v,w) is a smooth projective variety, in accordance 
with Proposition 13. 2. 4r iil. 

4. Hamiltonian reduction for representations of quivers 

4.1. Symplectic geometry. To motivate later constructions, we first remind a few basic defini- 
tions. 

Let X be a smooth manifold, write T*X X for the the cotangent bundle on X. The total 
space T*X, of the cotangent bundle, comes equipped with a canonical symplectic structure, i.e. 
there is a canonically defined nondegenerated closed 2-form uj on T*X. 

In the case where X is a vector space, the only case we will use below, we have T*X = X x X* , 
where X* denotes the vector space dual to X. The canonical symplectic structure on X x X* is 
given, in this special case, by a constant 2-form defined by the formula 

Lo{x XX*, yx y*) := {y*,x) - {x*,y), Vx, y e X, x*,y* G X*, (4.1.1) 

where {—,—) stands for the canonical pairing between a vector space and the dual vector space. 

Now, let a Lie group G act on an arbitrary smooth manifold X. Let g be the Lie algebra of G. 
Given tt G g, write u for the vector field on X corresponding to the 'infinitesimal u-action' on X, 
and let Ux be the value of that vector field at a point x G X. 

Associated with the G-action on X, there is a natural G-action on T*X and a canonical moment 
map 

fi : T*X g*, ax ^ ^(a), defined by g* 3 fi{ax) : u 1-^ {a, Ux), (4-1-2) 

where ax G T*X stands for a covector at a point x G X. 

The following properties of the map (j4.1.2p are straightforward consequences of the definitions. 

Proposition 4.1.3. (i) If the group G is connected then the moment map is G-equivariant, i.e. 
it intertwines the G-action on T*X and the coadjoint G-action on g*. 

(ii) Writing TyX for the conormal bundle of a submanifold Y C X , one has 

/.-i(0)= U THX). (4.1.4) 

Y&X/G 

Here, X/G stands for the set of G-orbits on X. 

From the last formula one easily derives the following result. 

Corollary 4.1.5. Assume that the Lie group G acts freely on X, and that the orbit space X/G is 
a well defined smooth manifold. Then, 

• The G-action on T*X is free, and the moment map (|4.1.2p is a submersion. 

• For any coadjoint orbit O C g* , the orbit space fi~^{0)/G has a natural structure of 
smooth symplectic manifold. 

• For O = {0}, there is, in addition, a canonical symplectomorphism 

T*{X/G) ^ fi~\0)/G. (4.1.6) 

Formula (|4.1.6p explains the importance of the zero fiber of the moment map. Later on, we 
will consider quotients of /i~^(0) by the group action in situations where the group action on X 
is no longer free, so the naive orbit set X/G can not be equipped with a reasonable structure of 
a manifold. In those cases, various quotiets of /U~^(0) by G involving stability conditions serve as 
substitutes for the contangent bundle on a nonexisting space X/G. 
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The above discussion was in the framework of differential geometry, where 'manifold' means a 
C°°-manifold. There are similar constructions and results in the algebraic geometric framework 
where G now stands for an affine algebraic group and X stands for a G-variety. 

For any affine algebraic group G, the differential of a rational group homomorphism G ^ gives 
a linear function g — > C, i.e. a point A G g*. The points of g* arising in this way are automatically 
fixed by the coadjoint action of G on g*. If the group G is connected, then the corresponding fiber 
/i~^(A) is necessarily a G-stable subvariety, by Proposition 14. 1 .ST i) . The varieties of that form play 
the role of 'twisted cotangent bundles' on X/G, cf. [CGJ, Proposition 1.4.14 and discussion after 
it. These varieties share many features of the zero fiber of the moment map. 

The following elementary result will be quite useful in applications to quiver varieties. 

Lemma 4.1.7. Let A G g* be a fixed point of the coadjoint action of a connected group G, and let 
G act on a manifold X with an associated moment map jj, as in (j4.1.2p . Then, the following holds: 
A geometric point a G ^^""^(A) is a smooth point of the scheme theoretic fiber /u~^(A) if and only 
if a has finite isotropy in G. In such a case, the symplectic form on T*X induces a nondegenerate 
bilinear form on the vector space To,{T* X) / Lie G" . 

Proof. Put M := T*X, for short, let a G M, and write G'^ C G for the isotropy group of the point 
a. Further, let dafi '■ T^M — > g* stand for the differential of the moment map fi at the point a. 

Now let n G g and write Ua G T^M for the tangent vector corresponding to the infinitesimal 
It-action on M. Also, one may view u G g as a linear function on g*. The crucial observation, that 
follows directly from the definition of the moment map, cf. (14.1.2^ . is that one has 

(daHiv), u) = da{uo^){v) =uj{ua,v), Mu V ^ T^M . (4.1.8) 

Using this, we deduce 

G" is finite LieG" = 

<^=^ ■Uo 7^ for any u 7^ 

<^=^ There is no u G g, 7^ 0, such that (dalJ'iv), u) = uj{ua,v) = 

<^=^ dafJ- is surjective 

<^=^ a is a smooth point. 

This proves the first statement of the lemma. The second statement easily follows from ()4.1.8p 
by similar arguments. We leave details to the reader. □ 



4.2. Fix a finite set / and a dimension vector v = {vi)i£j G Z^. 

From now on, we specialize to the case where the algebraic group G is a product of general linear 
groups, ie. is a group of the form Gv = Hig/ GL{vi). Thus, we have gv := LieGv = ©jg/ bK^*)- 
The center of each summand g[(fj) is a 1-dimensional Lie algebra of scalar matrices. Therefore, 
the center of gv may be identified with the vector space C^. 

Observe further that any Lie algebra homomorphism gv — > C has the form x = (xi)jg/ 1— > 
Yliei^i- ' Trxj. We deduce that the fixed point set of the coadjoint Gv-action on g* is a vector 
space C g*. Explicitly, an element A = G corresponds to the point in g* given by the 

linear function x A • x = Yli^i ' Trxj, on q^. 



4.3. The double Q. Given a quiver Q, let Q = Q U Q°'^ be the double of Q, the quiver that has 
the same vertex set as Q and whose set of edges is a disjoint union of the sets of edges of Q and of 
an opposite quiver. Thus, for any edge x & Q, there is a reverse edge x* G C Q. 
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Definition 4.3.1. For any A = (Aj)jg/ G C^, let Il\ = Ilx{Q) be a quotient of the path algebra CQ, 
of the double quiver Q, by the two-sided ideal generated by the following element 

^ {xx* -x*x)-^ G eg. 

Thus, Ii\{Q) is an associative algebra called preprojective algebra of Q with parameter A. 

The defining relation for the preprojective algebra may be rewritten more explicitly as a collection 
of relations, one for each vertex « G /, as follows: 

XX* — x*x = Aj-lj, i G /. 

{xdQ: head(a;)=i} {xdQ: tail(a;)=i} 

Clearly, one has Rep((5, v) = Rep((5, v) x Rep(Q°P, v). We will write a point of Rep(Q, v) as a 
pair (x,y) G Rep(Q,v) x Rep((5°P,v). 

Recall that, for any pair, E, F, of finite dimensional vector spaces, there is a canonical perfect 
pairing 

Rom{E,F) X Hom{F,E) ^ C, f x f ^ Tr(/o/') = Tr(/'o/). 

Using this pairing, one obtains canonical isomorphisms of vector spaces 

Rep(Q°P,v) ^Rep(Q,v)*, resp. = Q^. (4.3.2) 

We deduce the following isomorphisms 

Rep(Q, v) ^ Rep(Q, v) x Rep(Q, v)* ^ T* ( Rep(g, v)) . (4.3.3) 

The natural Gv-action on Rep(Q, v) corresponds, via the isomorphisms above, to the Gv-action 
on the cotangent bundle induced by the Gv-action on Rep(Q, v). Associated with the latter action, 
there is a moment map fi. It is given by the following explicit formula, a special case of formula 

/i : Rep((5, v) = r*(Rep((5,v)) — ^ = g^, (x, y) ^ (x°y - y °x) G gv 

We explain the above formula in the simplest case of the Jordan quiver. 

Example 4.3.4. Let Q be a quiver with one vertex and one edge-loop. Then, Q is a quiver with 
a single vertex and two edge-loops at that vertex. Thus, given a positive integer v G = Z, we 
have Rep((5, v) = gl^ x gl^. The action of the group Gv on the space Rep((5, v) becomes, in this 
case, the Ad GLv-diagonal action on pairs of (v x v)-matrices. 

Further, the isomorphism gv — >0v) resp. Rep(Q°P, v) ^ Rep(Q, v)*, sends a matrix x G gv to a 
linear function y i— > Tr(x • y). Hence, in the notation of ^ for any u G g(v, we have u = adn. 

Now, according to definitions, see formula (j4.1.2p . the moment map sends a point (x, y) G 
T*{qI^) = qI^ X to a linear function 

//(x,y) : qI^^C, u^{y, u^) = {y, ad n(x)) = Tr (y • [n, x]) = Tr ([x, y] • u) . 

We see that the linear function fi{x,y) G gl* corresponds, under the isomorphism 0tv~*0^vi ^o 
the matrix [x, y]. We conclude that the moment map for the Ad GLv-diagonal action on r*(g[v) = 
g[^ X qI^ has the following final form 

: glv X gtv — > dK, xxy^ [x,y]. 

This is nothing but the general formula (|4.3.3p in a special case of the Jordan quiver Q. 
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In general, it is clear from Definition 14 . 3 . 1 1 that . inside Rep(v,Q), one has an equality: 

Rep(nA, v) = fi-\X) := {(x, y) € Rep(Q, v) 1 [x, y] = A}, AG (4.3.5) 
This is, in fact, an isomorphism of schemes. 

Remark 4.3.6. Observe that, for any IlA-representation V of dimension v, in view of the defining 
relation for the preprojective algebra, one must have 

A . V = A, • TrviW = Try I ^ AJi ) = Try (xx* - x*x) j = 0, 

where in the last equation we have used that the trace of any commutator vanishes. We deduce 
that the algebra lix has no v-dimensional representations unless A ■ v = 0. 

This is consistent with (j4.3.5p . Indeed, the group C Gv acts trivially on Rep((5,v), hence 
the image of the moment map jjL is contained in the hyperplane (LieC^)^ C Q%. Therefore, the 
fiber over a point A € C g* is empty unless we have A • v = 0. 

Remark 4.3.7. It is important to emphasize that, up to a relabelling A i— > A' of parameters, one 
has: 

The quiver Q, hence also the scheme /i^(A) and the algebra I[\{Q), depend only on 
the underlying graph of Q, and do not depend on the orientation of the quiver Q. 



4.4. The cotangent bundle projection p : T*(Rep(Q, v)) — > Rep((5,v) may be clearly identified 
with the natural projection to Rep((5,v) — > Rep((5,v), (x, y) i— > x, cf. (|4.3.3p . Restricting the 
latter projection to a fiber of the moment map one obtains a map px '■ Rep(n;^, v) = ^~^(A) — > 
Rep((5,v). _ 

Observe further that the composite CQ ^ CQ — » 11^ yields an algebra imbedding CQ ^ 
In terms of the latter imbedding, the map p\ amounts to restricting representations of the algebra 
to the subalgebra CQ. Thus, we obtain, cf. [CBHl Lemma 4.2], 

Proposition 4.4.1. For any x G Rep((5,v), the setp^^{X) is canonically identified with the set 
of extensions of x to a Hx-module (x, y) G Rep(nA, v). □ 

In some important cases, one can say quite a bit about the structure of the variety (|4.3.5|) . To 
explain this, we need to introduce some notation. 

Let Rq C be the set of roots for Q, as defined eg. in [CBl] . p. 262. Given A G C^, we put 
R^ := {a G Rq \ a>OSzX-a = 0} where, in general, we write v > v' whenever v — v' G Z>o- 
Further, for any v G Z^, we define 

p(v) := 1 + Aqv • V - v • v. 

Recall the hyperplane (LieC^)"*- C g* that corresponds to the diagonal imbedding C Gv 
One has the the following result. 

Theorem 4.4.2. Fix A G C^. Let v be a dimension vector such that A • v = and, for any 
decomposition v = qi + . . . + a^, G R^, the following inequality holds 

p(v) >p(ai) + ... + pK). (4.4.3) 

Then, we have 

(i) The moment map : Rep(Q,v) — > (LieC^)"*" is flat and the scheme Rep(n;^,v), in (|4.3.5p . 
is a complete intersection in Rep((5,v). 
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(ii) The irrducible components o/Rep(nA,v) are in one-to-one correspondence with decomposi- 
tions V = ai + . . . + Or, aj £ R^, such that the corresponding inequality (|4.4.3p is an equality. 
Each irreducible component has dimension 1 + 2Aqv • v — v • v. 

(iii) // the inequality (|4.4.3|) is strict for any v = ai + . . . + Ur, aj E i?^, with r > 1, then 
the scheme Rep(n;^,v) is reduced and irreducible, moreover, the general point in this scheme is a 
simple representation of the algebra Ux. 

Here, parts (i) and (iii) are due to Crawley-Boevey, [CBlj . Theorems 1.1 and 1.2. Part (ii) is 
[GG] . Theorem 3.1. 

4.5. Hamiltonian reduction. For any A S such that A- v = 0, the fiber ^~^(A) is a nonempty 
closed Gv-stable subscheme of Rep(Q, v), not necessarily reduced, in general. Thus, given 6* G 
such that 9 ■ V = 0, one may consider the following GIT quotient 

Mx,eM := n~\X)//xeG^ = Rep"'(nA, v)/5-equivalence, VA • v = ^ • v = 0. (4.5.1) 

Remark 4.5.2. One may identify xM^ = R^(g)M^ and view a pair (A, 6) G xM^ as a point in M'^® 
M'^. Further, given v = {vi)i^j, view C^' as a hermitian vector space with respect to the standard 
euclidean (hermitian) inner product. These inner products induce hermitian inner products on 
the spaces Hom(C''', C^-?). The resulting hermitian inner product on Rep((5, v) combined with the 
(C-bilinear) symplectic 2-form, see ()4.1.ip . give Rep(Q,v) the structure of a hyper-Kahler vector 
space. 

One can show, cf. |Kroj for a special case, that the Hamiltonian reduction fj.^^{X)//^gGv may 
be identified with a hyper-Kahler reduction of Rep(Q,v) with respect to the maximal compact 
subgroup of the complex algebraic group Gy, formed by the elements which preserve the metric. 

To proceed further, we need to introduce the Cartan matrix of the underlying graph of Q defined 
as follows Cq := 2Id — Aq. This is a symmetric Cartan matrix in the sense of Kac, |Kaj . provided 
Q has no edge loops. 

Corollary 4.5.3. (i) Any simple Hx-module of dimension v corresponds to a point in fi^^{Xy^^, 
the smooth locus of the scheme (j4.3.5p 

(ii) The group G^/C^ acts freely on fi~^{Xy^^. 

(iii) Let TG^a{fJ'~^{X)) be the normal space, at a £ fj.~^{Xy^^, to the orbit G^a C fi~^{Xy^^. 
Then, the vector space TG^aifJ-'^ {X)) has a canonical symplectic structure and, we have 

dimTG.„(^-i(A)) = 2 - Cqvv. 

Proof. Part (i) follows, thanks to Schur's lemma, from Lemma 11.3.21 and Lemma 14.1.71 The last 
lemma also yields part (ii). 

To prove (iii), put U := fi^^^Xy^^, let G := Gv/C^ and g := LieG. Thus, we have dimg = 
dim Gv — 1 • 

For any a € U, the tangent space to f//G at the point corresponding to the image of a equals 
{TaU)/g, where we identify the Lie algebra q with its image under the action map q TaU, u i— > 
Ua- Furthermore, the (proof of) Lemma 14.1.71 implies that this last map is injective. Also, the 
symplectic structure on {TaU)/Q is provided by the last statement of Lemma 14.1.71 
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Now, using the surjectivity of the differential of the moment map dafi : TQ,Rep(Q, v) q* is 
surjective by Lemma 14.1.71 we compute 

dimU/G = dim {{TaU)/Q) 

= dimKer((iQ,Ai) — dimg (4.5.4) 
= [ dim Rep((5, v) — dimg*] — dimg = dimRep((5, v) — 2dimg 
= dimRep(Q, v) - 2(dimGv - 1). 
Finally, from formula (11.3. ip applied to the quiver Q, we find 

2 dim Gv - dim Rep(Q, v) = 2v • v - A-qv ■ v = Cqv ■ v. (4.5.5) 
The last formula of Corollary 14.5.31 now follows by combining ()4.5.4p with (j4.5.5p . □ 

Many of the results concerning stability of quiver representations carry over in a straightforward 
way to n;^-modules. In particular, we have 

Theorem 4.5.6. (i) For 9 = 0, the scheme Mx,o{v) = SpecC[//-^(A)]'^- is a normal affine 
variety, cf. |CB31 Theorem 1.1]; geometric points of this scheme correspond to semisimple lix- 
modules. 

(ii) Geometric points of the scheme A^a,6»(v) correspond to S-equivalence classes of 9-semistable 
Hx-modules. 

(iii) The group acts freely on the set fi~^{XY, of 6-stable points; isomorphism classes of 
9-stable Ii\-modules form a Zariski open subset M\ g(v) C A^a,6»(v), of dimension 2 — (v, Cgv). 

(iv) The canonical map vr : ^A\fi{^^) — > A^a,o(v) is a projective morphism that takes a Ii\-module 
V to its semi- simplification. 

Sketch of Proof. Part (i) of the theorem is a consequence of Corollary 12.3.91 

To prove (iii), let V E /i~^(A)* be a stable Yi\{Q)-m.o(h\\e. A version of Corollary 12. 3. 8( ii) implies 
that the isotropy group of V is equal to C^. It follows that V gives a smooth point of the fiber 
/i~^(A), by Lemma l4.1.7[ Furthermore, Corollary 14.5.31 applies and we find 

dimX^_e(v) = 2(dimRep(Q, v) - dim(Gv/C'')) = 2 - (v,Cqv). 

Other statements of the theorem are obtained by applying Theorem 12 . 3. 71 to the quiver Q. □ 

Corollary 4.5.7. If the set ^(v) is nonempty then, we have Cqv • v < 2. □ 

In the special case A = 0, using isomorphism ()4.1.4p . we deduce 

Proposition 4.5.8. The variety 7Wo,6»(v) contains T*TZg{v), the cotangent space to the moduli 
space TZq{v), as an open (possibly empty) subset of the smooth locus o/A^o,e(v). 

Example 4.5.9 (Dynkin quivers). Let Q be an ADE quiver, and fix a dimension vector v. 

The number of Gv-orbits in Rep((5, v) is finite by the Gabriel theorem. Thus, we see from ()4.1.4p 
that /i"HO) is in this case a finite union of conormal bundles, hence a Lagrangian subvariety in 
r*Rep(Q,v). _ 

We claim next that the zero representation E Rep((5, v) is contained in the closure of any Gv- 
orbit. This is clear for the Gv-orbit of the point corresponding to an indecomposable representation 
(if such a represntation of dimension v exists), since the corresponding orbit is Zariski dense by the 
Gabriel theorem. From this, one deduces easily that our claim must hold for the orbit of a point 
corresponding to a direct sum of indecomposable representations as well. 

Our claim implies that the conormal bundle on any Gv-orbit is a subset of Rep((5, v) which 
is stable under the C^-action on the vector space Rep((5,v) by dilations (this is not the action 
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obtained by restricting the natural Gv-action on Rep((5,v) to the subgroup C Gy,; the latter 
-action is trivial). It follows that the set /u~^(0), the union of conormal bundles, is also -stable 
under the dilation action. 

We conclude that any homogeneous Gv-invariant polynomial on /x^^(O) of positive degree van- 
ishes. Thus, in the Dynkin case, we have A4q{v) = pt. 

4.6. The McKay correspondence. Associated to any finite group T and a finite dimensional 
representation F GL{E), there is a quiver Qr, called the McKay quiver for T (that depends on the 
representation E as well). The vertex set of this quiver is defined to be the set / of equivalence classes 
of irreducible representations of T. We write Li for the irreducible representation corresponding 
to a vertex i ^ I. In particular, there is a distinguished vertex o (z I corresponding to the trivial 
representation. 

Further, the adjacency matrix Aq^ = ||ajj||, of the McKay quiver, is defined by the formula 

Uij := dimKomr {Li, Lj E). (4.6.1) 

The matrix Aq is symmetric if and only if is a self-dual representation of F. In such a case, 
one can write Qr = Q, for some quiver Q. Note also that the quiver Qr has no edge-loops if and 
only if E does not contain the trivial representation of F as a direct summand. 

Now, fix a 2-dimensional symplectic vector space {E,lv), and a finite subgroup F C Sp{E,uj) = 
SL2{C). The imbedding F ^ GL{E) gives a self-dual representation of F. 

It follows from the well known classification of platonic solids that conjugacy classes of finite 
subgroups of the group SL2{C) are in one-to-one correspondence with Dynkin graphs of A,D,E 
types. McKay observed that this correspondence may be obtained by assigning to F C Sp{E, uj) 
its McKay quiver Qr (so that Qr then becomes the double of the corresponding extended Dynkin 
graph of type A, D, E, equipped with any choice of orientation). 

Associated with the extended Dynkin diagram, there is a root system R C . The vector 
6 = {Si)i^i G Z^, where 6i := dimLj, turns out to be equal to the minimal imaginary root of that 
root system. 

Let CF be the group algebra of F and, for each i £ I, choose a minimal idempotent G CF 
such that CF ■ Ci = Li. Put e = Yli&i^ii idempotent in CF. The F-action on E induces one 
on Symi?, the symmetric algebra of E. We write (Sym£^) xi F for the corresponding cross-product 
algebra, resp. (Sym£^)^ C SymE' for the subalgebra of F-invariants. Note that the self-duality of 
E implies that one has algebra isomorphisms (SymS)'" = C[S]'" = C[£^/F]. 

One way of stating the McKay correspondence is as follows, cf. [CBHj . Theorem 0.1. 

Theorem 4.6.2. (i) There is an algebra isomorphism Ho^Qr) — e[(Sym£') x F]e. In particular, 
the algebras Ilo{Qr) and (Sym£^) xi F are Morita equivalent. 

(ii) There is a canonical algebra isomorphism Iq • HoiQr) ■ lo — {SjmE)^ . 

Outline of Proof. Let T^V denote the tensor algebra of the vector space E. An elementary argu- 
ment based on formula (j4.6.ip yields an algebra isomorphism (j) : Tci{CEq^) —>■ e[{TcE) xi F] e, see 
[CBm §2]. Recall that, for the path algebra of any quiver Q, we have CQ = Tcj^CEq), see ^1.31 
Thus, we may identify the algebra on the left hand side of the isomorphism (p with the path algebra 
CQr. 

Next, one verifies that the two-sided ideal of CQr generated by the element X^xeQr ^^^* ~^*^)^ 
Definition 14.3.11 goes under the isomorphism (j) to the two-sided ideal J generated by the elements 
ei ® 62 — 62 (8) ei G T^E, 6i, 62 G E. The isomorphism of part (i) of the theorem is now induced by 
the isomorphism (j) using that one has 

CQr/( =no(Qr), and [(Tc-E) >4 F]/J = (SymE) x F. 
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To complete the proof, we observe that the isomorphism (j) constructed above sends the idempo- 
tent lo E CI to p := 1^ Sger 9 ^ '^'^i averaging idempotent. Furthermore, it is easy to show 
that the natural imbedding (Symi?)'" ^ SymE' induces an algebra isomorphism (SymE')^^ 
p[(Sym£') X Fjp. Part (ii) of the theorem follows from these observations using the isomorphism of 
part (i). □ 

The orbit space C^/F = SpecC[a;, y]'" is an irreducible normal 2-dimensional variety with an 
isolated singularity at the origin. Such a variety is known to have a minimal resolution, unique up 
to isomorphism. 

The following result is a reformulation of a result of P. Kronheimer in the language of quiver 
moduli, cf. |CSj . 

Theorem 4.6.3. (i) There is a natural isomorphism A4q{6) = C^/F, of algebraic varieties. 

(ii) Assume that Q ^ lI does not belong to root hyperplanes of the affine root system. Then, 
the variety Aig{6) is smooth and the canonical map vr : j^g{6) — > AiQ{S) = C^/F is the minimal 
resolution o/C^/F. 

5. Nakajima varieties 

5.1. We now combine together all the previous constructions. Thus, we fix a quiver Q and consider 
the quiver Q^, the double of Q. Given any dimension vector (v,w) 7^^ x , choose a pair of 
/-graded vector spaces V = ©jg/Vj and W = (Bi^jWi such that dim/ V = v and dim/ W = w. By 
definition, we have 

Rep(Q^, V, w) = r* Rep(Q^ , v, w) 

= Rep(Q,v) X Rep(Q°P,v) x Romci{V,W) x RomciiW,V). 

Thus, one may view an element of Rep(Q^, v, w) as a quadruple (x, y, i, j), where x G Rep{Q, v), 
y e Rep(Q°P, v), i G Homc/(T^, V), and j G Homc/(F, W). 
In particular, we find 

dimRep(Q^, v,w) = AgV • v + 2v • w. (5.1.1) 

The vector space Rep((5^,v, w) has the symplectic structure of a cotangent bundle and the 
group Gv acts on Rep((5'', v, w) by symplectic automorphisms, via B g : (x, y,i,j) i— > 
{gxg^^ , gyg~^ , go'i^jo g~^'j. The associated moment map is given by 

fi: Rep((3^, v,w) ^ g; = 0v, (x, y, i, j) ^ [x, y] + ioj g flv (5.1.2) 

Here, we write ioj := ^j^j- where, for each i, '■ Vi — > T^j is a rank one operator. 
For any A G we have 

/i-i(A) = {(x,y,i,j) GRep(Q^,v,w) | [x, y] + i ® j = A}. (5.1.3) 

From now on, whenever we discuss varieties involving (I5.1.3p . we will always assume that 
w 7^ 0. 

Remark 5.1.4. Recall the quiver Q"" introduced by Crawley-Boevey, see i l3.ll One can use the 
isomorphism in (I4.3.5|) for the quiver to identify the scheme ()5.1.3p with Rep(n^,v), the 

representation scheme of the preprojective algebra for the the quiver where A is an appropriate 
parameter. 

Given 6 G Z^, we may apply general Definition 12.3.11 to the variety ^~^(A) and the character xe 
of the group Gv This way, one proves 
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Proposition 5.1.5. A quadruple (x, y, i,j) E ^~^(A) is 0-semistable if and only if the following 
holds: 

For any collection of vector subspaces S = {Si)i^j C V = (Vi)jg/ which is stable under the maps 
X and y, we have 

5, C Ker ji, Vi G / =^ 0(dim/5)<O; (5.1.6) 
5i D Image ij, Vi € / =^ 0(dim/ 5) < 0(dim/ F). (5.1.7) 

Example 5.1.8. In the case 6 = 0, any point in fi^^{X) is 0-semistable. Such a point is ^-stable if 
and only if the only collection of subspaces S = {Si)iQi C V = (Vi)ig/ which is stable under the 
maps X and y, is S" = or S = F. 

The above proposition implies, in particular, the following result 

Corollary 5.1.9. In the special case where 9 = ±0+, the point (x, y,i,j) e fi^^{X) is 9-semistable 
if and only if, in the notation of Proposition 15. i.JT i) , we have 

Si C Kerj,, yi£l =^ 5 = if 6 = 9+, resp. 
Si D Image ii, V« E / =^ S = V if9 = -9+. 

Definition 5.1.10. The variety A^a,6»(v,w) := [J-^^Wq^ /xe^v is called the Nakajima variety with 
parameters (A, 6*). Let M.\q{v,w) C M.\^o{'v,w) denote the Zariski open subset corresponding to 
stable points. 

Thanks to the general formalism of Hamiltonian reduction, the symplectic structure on the 
manifold Rep(Q^, v, w) gives A4a,6i(v,w) the canonical structure of a (not necessarily smooth) 
algebraic Poisson variety. 

Remark 5.1.11. The equation [x, y] + i(8)j = A, in (j5.1.3p . is often called the moment map equation, 
or the ADHM-equation, since an equation of this form was first considered by Atiyah, Hitchin, 
Drinfeld, and Manin in their work on instantons on P^, cf. |ADHMj and also |Na3j . 

From that point of view, it is natural to view ()5.1.3p as part of a larger system of hyper-Kahler 
moment map equations, cf. Remark I4.5.2[ Accordingly, we will refer to the pair {X,9), viewed 
as an element of the real vector space (g) M'^ = (C © M) (g) M'^ = W, as a 'hyper-Kahler 
parameter'. 



5.2. To formulate the main properties of Nakajima varieties, fix a quiver Q and write Cq for the 
Cartan matrix of Q. We introduce the following set, 

i?' := {v G Z-^ \ {0} I Cqv- V < 2, Vi G /}. 

If (5 is a quiver of either finite Dynkin or extended Dynkin types, then R'q = Rq is the set of 
roots associated with the Cartan matrix Cq. This is not necessarily true for more general quivers. 
For a G M^ write v-^ := {A G | A • v = 0}. 

Given a dimension vector v G Z>q, the parameter {X,9) £ x Z,^ will be called w-regular if, 
viewed as a hyper-Kahler parameter {X,9) G (gM^, it satisfies, cf. [Na6[ §l(iii)], 

(A, 0) G (M^ M-^) \ IJ M^Oa^. (5.2.1) 

{a&R'Q I 0<a<v} 

We note that (A,^) := (0,^'*') is a v-regular parameter for any dimension vector. 
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Theorem 5.2.2. Fix A G C^, G Z^, where A • v = 0. Then, we have 

(i) We have A^a,o(v, w) = /i~^(A)//Gv; i/iis a?^ o-ffine variety and there is a canonical pro- 
jective morphism vr : A^;^ 5i(v,w) — > Aixfi{v,w), which respects the Poisson brackets. 

(ii) Let the parameter {\,9) be v-regular. Then any 6-semistable point in /i^^(A) is 6-stable, so 
-^A,6i(v,w) = A^|g(v,w), cf. |NaH ^2.8]. |NaTl §3(ii)]. Furthermore, this variety is smooth and 
connected variety of dimension 

dim A^;^ g(v, w) = 2w • v — Cgv • v. 

The Poisson structure on Aix^g{v,w) is nondegenerate making it an algebraic symplectic manifold. 

(iii) The variety A^o,9+(v, w) contains T*Tl0+{v,-w) as a Zariski open subset. 

Sketch of Proof. Part (i) is clear. To prove (ii), one shows that the isotropy group of any point 
(x, y,i,j) G /i~^(A) that satisfies conditions ()5.1.6p - (j5.1.7p is trivial, provided the parameter (A, 6*) 
is v-regular. It follows, in particular, that the Gv-orbit of a semistable point (x, y, i,j) G ^~^{X) 
must be an orbit of maximal dimension equal to dimGv We conclude that one semistable orbit 
can not be contained in the closure of another semistable orbit. Thus, all semistable orbits are 
closed in /x^^(A)'^*, hence any semistable point is actually stable. 

Further, by Corollarv 14.1.71 the triviality of stabilizers implies that the set //^^(A)'^* of ^-stable 
points is smooth and /i~^(A)^*/Gv is a symplectic manifold. Therefore, using the dimension formula 
(jS.l.ip . we compute 

dim (/i"^(A)'7Gv) = 2w v + (2Id - Cq)v • v - 2dimGv = 2w v - Cqv • v. 

(note that unlike the situation considered in Theorem 14.5.61 the Gv-action on Rep((5^,v,w) does 
not factor through the quotient Gv/C^. Therefore, it is the dimension of the group Gv, rather 
than that of Gv/C^, that enters the dimension count above). 

Finally, the connectedness of the varieties A^A,e(v,w) is a much more difficult result proved by 
Crawley-Boevey. The proof is based on the irreducibility statement in Theorem I4.4.2( iii) and on 
a 'hyper-Kahler rotation' trick (Remark 15.2.31 below). For more details see comments at |CB1) . 
p. 261. □ 

Remark 5.2.3. For a v-regular parameter (A,0), the Nakajima variety A^a,6»(v,w) comes equipped 
with a structure of hyper-Kahler manifold, cf. Remark 14.5.21 In particular, one can show that 
there is a choice of complex structure on the G°°-manifold Ai\fi{v, w) that makes it a smooth and 
affine algebraic variety, see |Nall §§3.1, 4.2]. 

Observe next that the group Gw = Yiiei ^^i'^i) ^^^^ naturally on Rep((5^, v, w) and on 
Rep(Q'', V, w). Furthermore, the Gw-action on the latter space is Hamiltonian and each fiber 
fi~^{X) of the moment map (j4.1.2p is a Gw-stable subvariety. Also, the Gw-action clearly preserves 
any stability condition hence descends, for any {X,9), to a well defined Gw-action on the Nakajima 
variety A1a,6>(v,w) by Poisson automorphisms. 

Assume now that A = 0. In this special case, there are two natural ways to define an additional 
C^-action on A4Q^g{v,w) that makes it a Gw x C^-variety. Each of these actions comes from a 
C^-action on Rep((5^, v, w) that keeps the fiber /i"^(0) stable and commutes with the Gv-action 
on the fiber. The first C^-action on Rep(Q'', v, w) is the dilation action given by the formula 
B t : (x, y,i,j) i-^ (t • x, t • y, t • i, t • j). This action rescales the symplectic 2-form iv as 
t : oj^t^-UJ. 

The second C^-action on Rep(Q'~^, v, w) corresponds, via the identification Rep((5'', v, w) = 
T* Rep((5^, V, w), to the natural C^-action by dilations along the fibers of the contangent bundle. 
This C^-action is defined by the formula 9 t : (x, y,i,j) i-^ (x, t • y, i,t • j). The latter action 
keeps the subvariety /i~^(0) stable and commutes with the Gv-action on Rep((5^, v, w). Therefore, 
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for any 0, there is an induced Gv-action 3 t : z t{z), on A^o,e(v,w). Furthermore, the map 
TT becomes a Gv-equivariant morphism of Gv-varieties, and the fiber 7r^^(0) C ^^^^(v, w) becomes 
a Gv-stable subvariety. 

The symplectic form uj on T* Rep((5^, v, w) gets rescaled under the above C^-action as follows 
B t : Lu \—>- t ■ UJ. Hence, the induced symplectic form on 7Wo,6»(v, w), to be denoted by uj again, 
transforms in a similar way. 

For any parameters (A, 6), the canonical projective morphism vr : ^A\^g —i- A1a,o is Gw-equivariant. 
In the case A = this morphism is also C^-equivariant with respect to either of the two -actions 
defined above. 



5.3. Let n~^{X)° C /i~^(A) be the subset of points with trivial isotropy group. We let A^^q(v, w) 
C A4a,o(v, w) be the image of this set in fi~^{X)//Gv. Nakajima uses the notation Ai'^^Q{v,-w) for 
A^^q(v,w), cf. \Na2\ §3(v)]. He verifies that A^^q(v,w) is a Zariski open (possibly empty) subset 

of A^A,o(v,v^^). 

One has the following result, cf. |Na2j . Proposition 3.24. 

Proposition 5.3.1. Assume the quiver Q has no edge loops and that {X,9) is a v -regular parameter. 
Then, one has 

(i) Any point in fi^^{X)° is 6-stahle. 

(ii) // the set A^^q(v,w) is nonempty then it is dense in A4a,o(v,w) and, we have: 

• The canonical projective morphism vr : A^a,6» — > -A^A.o o, symplectic resolution; 

• The set tt"-*^ (Al^ q(v, w)) is dense in M.\fi{^,vj), and the map vr restrics to an iso- 
morphism 

vr: ^"i(X^_o(v,w)) A A^^,o(v,w). □ 

There is a combinatorial criterion for the set q to be nonempty, see |Na21 Proposition 10.5 
and Corollary 10.8]. Also, using Theorem 17.2.41 Nakaiima proves, see |NaH Corollary 6.11], 

Proposition 5.3.2. If the quiver Q has no loop edges then the map vr : A4a,6i(v, w) 7r(AlA,o(v, w)) 
is semismall for any v-regular parameter (A, 9). 

Example 5.3.3 (Type A Dynkin quiver). Let Q be an A„-quiver, and let v = {vi,V2, . . . ,Vn) and 
w = (r, 0, 0, . . . , 0), where r > iii > t;2 > . . . > > 0, as in Example 13. 2. 7[ Thus, a representation 
of the quiver looks like 

Rep(Q^,v,w) : ^ ^ ^ • • • ^ V ^ V ^ 

j X X X X X 

Write W := Wi. The assignment (x, y,i,j) i— >■ j°i gives a map w : Rep(Q^,v,w) — > gl(VF). 
Let w denote the restriction of this map to //~^(0) C Rep((5^, v, w), the zero fiber of the moment 
map, and let X := zu{fi~^{0)) be the image of w. 

Recall that, according to the discussion in Example 13.2.71 we have 7^g+(v,w) = !F{n,W). 

Proposition 5.3.4. (i) The map zu induces an isomorphism A1o.o(v,w) = /i^^(0)//Gv — > cf 
[NaT] and [Sh, Theorem 2.1]. 

(ii) One has an isomorphism Mqq+{v,'w) = T*TZq+{v,'w) = T*J^{n,W) such that the canonical 
map TT : A1o,0+(v,w) 7Wo,o(v,w) gets identified with natural moment map T*J^{n,W) X C 
dKW), see [Nail Theorem 7.2]. 

Here, the isomorphism M.qq+(v,w) = T*7^g+(v,w), of part (ii), is a particularly nice case of 
the situation considered in Theorem I5.2.2( iii) . 
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Following an observation made by Shmelkin, we alert the reader that the map T*TZg+ (v, w) X 
need not be surjective, in general. More precisely, one has the following result, which is essentially 
due Kraft and Procesi [KPJ, of. also [Sh, Proposition 2.2(ii)] and [Nal, §7]: 

Proposition 5.3.5. In the above setting, assume in addition that the following (stronger) inequal- 
ities hold 

r - Vi > Vi - V2 > V2 - V3 > . . . > Vn^l - Vn > Vn- (5.3.6) 

Then, the map T*7?.g+ (v, w) X is surjective. Furthermore, the set Mq q{v,'w) gets identified, 
under the isomorphism A^o,o(v, w) = X , with the unique Zariski open and dense GL{W)-conjugacy 
class in X. 

Thus, in this case the affine variety A4o,o(v,w) gets identified with the closure of a nilpotent 
GL(VF)-conjugacy class in 0l(VF). 

5.4. A Lagrangian subvariety. We recall the following standard 

Definition 5.4.1. A locally closed subvariety A of a symplectic manifold {M,uj) is called La- 
grangian if the tangent space to A at any smooth point x & A is a maximal isotropic subspace of 
TxM (the tangent space to M at x) with respect to the symplectic 2- form uj. 

From now on, we fix a quiver Q, and we let A = 0. Below, we will use the second of the two 
C^-actions on Nakajima varieties, introduced in §5.21 Recall that this action is given by the formula 
3 t : (f) = (x, y,i,j) i— > t[(j)) = (x, t • y,i, t • j). Thus, for any 6 € Z^, we have the canonical 
C^-equivariant projective morphism vr : A4o,e(v,w) — > A^o,o(v,w). 

We define A6)(v,w) := [tt^-*^ (A^o,o(v, w)*^'^ )]i.ed, the preimage of the C^-fixed point set equipped 
with reduced scheme structure. Thus, Ae(v,w) C A^o,e(v,w) is a reduced closed subscheme. 

Theorem 5.4.2. For a w -regular parameter (0,9), we have: 

(i) Each irreducible component of the variety Ag{v, w) is a Lagrangian subvariety of Aio^g{v, w), 
a symplectic manifold. 

(ii) Assume, in addition, that 9 = 9^ and the quiver Q has no oriented cycles. Then Ae(v,w) = 
7r~^{0); furthermore, the G^-orbit of a quadruple (x,y,i,j) € /i^^(O)** represents apoint of Ae{v,-w) 
if and only if we have 1 = and the G^-orbit of the pair (x, y) G Rep((5,v) contains the pair 
(0,0) € Rep((5,v) in its closure. 

Remark 5.4.3. The statement in (ii) motivates the name 'nilpotent variety' for the variety 7r^^(0).0 
We will now proceed with the proof of Theorem 15. 4. 2( i). 

First of all, observe that for any representation (j) = (x, y, i,j) G Rep(Q^, v, w), we have 
lirnt(^) = lirn (x, t • y, i, t • j) = (x, 0, i, 0). The image of the point (x, 0, i, 0) in Rep((5^, v, w) //Gv, 

the categorical quotient, is clearly a C^-fixed point. Thus, we conclude that the C^-action provides 
a contraction of A^o,o(v, w) to A4o,o(v, w)*^^ , the fixed point set. 

Further, the fixed point set of the C^-action in the smooth variety 7Wo,6»(v,w) is a (necessarily 
smooth) subvariety F := A1o,6»(v, w)*^^ C A^o,9(v,w). We write Fi,...,Fr for the connected 
components of F, and introduce the following sets 

As := {z G A4o 6»(v, w) [ lim tiz) exists, and we have lim tiz) G Fg}, s = 1, . . . , r. (5.4.4) 

Lemma 5.4.5. For any quiver Q, the set F is contained in vr^^ (7Wo,o(v, w)*^^ ) , and there is a 
decomposition 'K~^iyM.Qfl{^r,\^)^^^ = Ui<s<r ^s- 
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Proof. Since vr is a C^-equivariant morphism, we have 7r(A4o,6»(v, w)*^^ ) C A^o,o(v, w)*^^ . In 
particular, one 

Now, fix ^; G Alo,e(v,w) and let z = tt(z) G A^o,o(v,w). We consider the maps — > 
-^o,o(v,w), t I— > resp. — > A4o,e(v, w), ti-^t(z). It is clear that if the limit of t ^ oo, 
exists then this limit is a -fixed point. 

Assume first that z G Le(v,w). Then, z is a C^-fixed point and t(z) G 7r~^{z) for any t. 
It follows, since 7r^^(z) is a complete variety, that the map t i— > t(z) extends to a regular map 
¥^ M.Q^g{v,w). Thus, for any z G vr"-"^ (A^o,o(v, w)"^^ ) , the limit of t oo, exists and we 
have lim t(z) G F. We conclude that L0(v,w) C Ui<s<r A^. 

£ — *oo 

Assume next that z G Ui<s<r Ag, so we have lim t(z) G F. It follows that the map t 7r(t(z)) = 

t — *oo 

t{z) also has a limit as t ^ oo. Therefore, the map A^o,o(v,w), t t{z) extends to the 

point t = oo. On the other hand, by the observation made before Lemma 15.4.51 the latter map 
automatically extends to the point t = 0. Therefore, we get a regular map — > Alo,o(v, w). 
Such a map must be a constant map, since A^o,o(v,w) is affine. Thus, we must have 7r(z) = z G 
-^o,o(v, w)*^^ . We conclude that z G Lg{-v,w). The result follows. □ 

Remark 5.4.6. We have shown that the C^-action provides a contraction of the variety A4o,6»(v, w) 
to the fixed point set F. 

Theorem I5.4.2f i) is clearly a consequence of the following more precise result 

Proposition 5.4.7. Each piece Ag is a smooth, connected, locally closed Lagrangian subvariety of 
-^o,e(v,w). _ 

Furthermore, the closures Ag, s = 1, . . . ,r, are precisely the irreducible components of A. 

Proof. The pieces defined by equation (|5.4.4|) are known as the Bialinicki-Birula pieces. The 
Bialinicki-Birula pieces are shown by Bialinicki-Birula to be smooth, connected, and locally closed 
subsets, for any C^-action on a smooth quasi-projective variety X, provided the action contracts 
X to X'^^ . The first statement of the proposition follows. 

Next, we fix a connected component Fg and a point G F^. The tangent space to A^o,6»(v,w) 
at (p has a weight decomposition with respect to the -action 

r4Xo,e(v, w)) = e^g^ H^, (5.4.8) 

such that t G acts on the direct summand via multiplication by t™. In particular, we see 
that Hq = T^F, is the tangent space to the fixed point set F. 

Recall that the symplectic 2-form u; on A4o,e(v,w) has weight with respect to the C^-action. 
Hence, a pair of direct summands and Hi are w-orthogonal unless k + I = 1; furthermore, the 
2-form gives a perfect pairing uj : Hm x Hi^m — > C, for any m ^ "L. We see, in particular, that 
©»n<o is a Lagrangian subspace in 0„g2 

To complete the proof, pick z G A^ such that lim t{z) = (p. It is clear that, for the curve 1 1— > t{z) 

t— "-oo 

to have a limit as t ^ oo, the tangent vector to the curve at t = oo must belong to the span of 
nonpositive weight subspaces. In other words, we must have 

Since Ag is smooth at (p, we deduce the equation T^{Ag) = 0^<o Hm- It follows, by the above, 
that Tfp{Ag) is a Lagrangian subspace in (A4o,6»(v, w)) , and the first statement of the proposition 
is proved. 

Now, the decomposition of Lemma 15.4.51 presents A as a union of irreducible varieties of equal 
dimensions, and the second statement of the proposition follows. □ 
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We also prove the following result which is part of statement (ii) of Theorem I5.4.2[ 



Lemma 5.4.9. If the quiver Q has no oriented cycles, then one has A^o,o(v,w) = {0}, the only 
fixed point. 

Thus, in this case, we have Lg{v,-w) = 7r~^(0). 

Proof. A C^-fixed point in A^o,o(v, w) = ^~^(0)/Gv is represented, by definition, by a C^-stable 
and closed Gv-orbit O C ^~^(0). Hence, for any point (x, y,i,j) € O, in this closed orbit, we must 
have lim (x, t -y, i, i -j) G O. Thus, we get (x, 0, i, 0) G O. We conclude that the orbit O is contained 

t — 'OO 

in Rep((5^, V, w), the zero section of the cotangent bundle T* Rep((5^, v, w) = Rep((5^, v, w). 

Observe next that, for any homogeneous polynomial / G C[Rep((5^, v, w)]'^'^ , of positive degree, 
we have /|Rep(Q^,v,w) = 0' since Q has no oriented cycles, see Proposition l2.1.11 Also, the restriction 
map C[Kep{Q^ ,^r,w)]'^^ — > C[fi~^{0)]'^^ is a surjection, since ^J.~^{0) is a closed subvariety and 
the group G-v is reductive. It follows from this that any homogeneous invariant polynomial / G 
C[/z~^(0)]*^'^, of positive degree, vanishes on the orbit O. But Gv-invariant polynomials are known 
to separate closed Gv-orbits. Thus, O = {0}. □ 

5.5. Proof of Proposition 11.2.21 The cohomology vanishing is a standard application of the 
Grauert-Riemenschneider theorem. The latter theorem says that higher derived direct images of 
the canonical sheaf under a proper morphism vanish. We apply this to the proper morphism 
TT : X ^ X. The canonical sheaf of X is isomorphic to Oj^ since X is a symplectic manifold. 
Hence, the Grauert-Riemenschneider theorem yields -RV^kOj^ = for all i > 0. It follows that the 
complex Rn^^Oj^ representing the derived direct image is quasi- isomorphic to 7r*0^, an ordinary 
direct image. 

Now, using the above, for any i > 0, we compute 

H\X, O^) = W{X, R-K^O^) = W{X, TT^O^) = 0, 

where EI*(— ) stands for the hyper-cohomology of a complex of sheaves and where the rightmost 
equality above holds since tt^Oj^ is a coherent sheaf on an affine variety. 

To prove the second statement of Proposition 11.2.21 one uses the following argument due to 
Wierzba. Write uj for the algebraic symplectic 2-form on X and let tJ be its complex conjugate, 
an anti-holomorphic 2-form. This 2-form gives a Dolbeau cohomology class [U] G H'^{X,0^). The 

latter class is in fact equal to zero since we have shown that H'^{X ,0 ^) = {). 

Now, let X ^ X. We must prove that the restriction of the 2-form w, equivalently, the restriction 
of the 2-form uJ, to 7r~^(x) vanishes. To this end, let Y it~'^{x) be a resolution of singularities 
of the fiber, and write f : Y ^ X for the composite Y tt~^{x) ^ X. Thus, f*uj is an 
anti-holomorphic 2-form on Y and, in Dolbeau cohomology of Y , we have = /* [w] = 0. 

On the other hand, y is a smooth and projective variety. Hence, by Hodge theory, we have 
H'^{Y,Oy) ^ H^''^{Y,C) C H'^{Y,C). It is clear that the Dolbeau cohomology class of the 2-form 
f*uj goes, under this isomorphism, to the de Rham cohomology class of f*Tv. Thus, in de Rham 
cohomology of Y , we have [/*cJ] = 0. But any nonzero anti-holomorphic differential form on a 
Kahler manifold gives a nonzero de Rham cohomology class, thanks to Hodge theory. It follows 
that the 2-form f*u) vanishes, hence tJ|^-i(^) = 0, and we are done. □ 

We remark that, for a quiver without edge-loops, the inequality dim7r^-'^(0) < ^ dim A^o,6»(v, w) 
is an immediate consequence of Proposition 11.2.21 and Proposition 15.3.11 

Here is another approach to the proof of this inequality (in the special case of quiver varieties). 
The argument below, based on the 'hyper-Kahler rotation' trick, was suggested to me by Nakajima. 
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In more detail, using a hyper-Kahler rotation, cf. Remark 15.2.31 we may view A^o,e(v,w) as a 
smooth and affine algebraic variety of complex dimension 2d, say. It follows that singular homology 
groups, -ffi(7Wo,6»(v, w), M), vanish for all i > 2d, by a standard argument from Morse theory. On 
the other hand, Ae(v,w) is a compact subset of A^o,e(v,w). Hence, each irreducible component 
of Ae(v, w) of complex dimension n (in the original complex structure) gives a nonzero homology 
class in i?2n(-^o,6»(v, w), M). Thus, we must have 2n < 2d, and the required dimension inequality 
follows. 

5.6. Hilbert scheme of points. Let Q be the Jordan quiver, and let v G Z be a positive integer. 

In the setting of Example 14.3.41 the fiber of the moment map over a central element A • Id G gt.^, 
equals 

fi-\X ■ Id) = {(x, y) G gl, X gl, | [x, y] = A • Id}. 

This variety is empty for A 7^ since we have Tr([x, y]) = 0. For A = 0, we get ^~^(0) = Z, the 
commuting variety of the Lie algebra gl^. 

Let I : ^ gl^ be the imbedding of diagonal matrices. Since any two diagonal matrices 
commute, we get a closed imbedding i x i : x ^ Z. The group Sv C GL^, of permutation 
matrices, acts diagonally on Z C gl^ x gl^, and clearly preserves the image of the map i x i. 
Therefore, restriction of Ad GLv-invariant functions induces an algebra map (ixi)* : C[Z]^'^'-'^^ — > 
C[C^ X C"^]^^. The latter map can be shown to be an algebra isomorphism. 

Thus, we deduce 

7Wo,o(v) = fi-\0)//GL^ = SpecC[^]^'^^^^ = SpecC[C^ x C^]^- = (C^ x C^)/S„. (5.6.1) 
Next, we study Nakajima varieties A4x^g{v,w) for the Jordan quiver Q. We have 

_ (S J 

U ^ 

y 

Therefore, writing M\{v,w) := /-i~^(A ■ Id) for the corresponding fiber of the moment map, we 
get 

Ma(v,w) = {(x,y,i,j) Ggl, X0l, xHom(C"',C") xHom(C",C"') | [x, y] + i ® j = A • Id}. 

Here, i (8) j denotes a rank one linear operator , u {i,u) • i- 

The above variety Ma(v,w) is nonempty for any A G C. Below, we restrict ourselves to the 
special case w = 1. In this case, we may view i as a vector in = Hom(C,C"^), resp. j as a 
covector in (C^)* = Hom(C"^,C). 

Assume first that A 7^ 0. Then, one proves that there is no proper subspace 7^ ^ such 
that i G S and such that S is stable under the maps x, y. It follows, by Corollary 14.5.3( 1) that 
M\(v, 1) is a smooth affine variety and that the GLv-action on this variety is free. Therefore, each 
GLv-orbit in AfA(v, 1) is closed. We conclude 

Mxfi{v, 1) = Ma(v, 1)//GLv = Ma(v, l)/GLv =: Calogero-Moser space. 

Also, we compute 

dimXA,o(v, 1) = dimMA(v, 1) - dimGLv = (2v2 + 2v - v^) - = 2v. 

Next, let A = 0. Then, from the equation [x,y] + i (g) j = we deduce 

=Tr(i®j) = -Tr([x,y]) =0. 

It follows that i (8) j is a nilpotent rank one linear operator in . 
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The following result of linear algebra will play an important role in our analysis, see [EGj 
Lemma 12.7]. 

Lemma 5.6.2. Let x,y € gl^ be a pair of linear operators such that [x,y] is a nilpotent rank 
one operator. Then there exists a basis of such the matrices of x and y in that basis are both 
upper-triangular. □ 

In the case A = 0, the variety Mo(v, 1) is neither smooth nor irreducible. Thus, to get a good 
quotient one has to impose a stability condition. First, let = 0, so 7Wo,o(v, 1) is an affine algebraic 
variety, by Theorem 15. 2. 2[ 

To describe this variety explicitly, one shows using the above lemma, that the assignment sending 
a quadruple (x, y,i,j) G Mo(v, 1) to the joint spectrum (Specx, Specy) G C"^ x C^, of the oper- 
ators X and y, written in an upper-triangular form provided by lemma [5.6.21 gives a well-defined 
morphism Mo(v, 1) — > (C"^ x C^)/§v) of algebraic varieties. Moreover, this morphism turns out to 
induce an algebra isomorphism C[C"^ x C^]^^ AC[Mo(v, l)]*^". 

We conclude that the Nakajima variety with parameters (A, 9) = (0, 0) is an affine variety 

>[o,o(v, 1) = (C^ X C^)/Sv. (5.6.3) 

Remark 5.6.4. The C^-action on A^o,o(v, 1) that has been defined in the previous subsection goes 
under the above isomorphsm to a -action on (C^ x C"^)/Sv The latter action is given by 9 
t : {u,v) ^ {u,t-v). The fixed points of that action form a subset (C"^/§v) x {0} C (C"^ x C'^)/§v 
Note the subset in question does not reduce to a single point. Indeed, the Jordan quiver has an 
edge loop and, therefore. Lemma [5.4.91 does not apply in our present situation. 



Next, we take 6 := —9~^ = —1 G Z. With this choice of 6, a point (x, y, i, j) G Mo(v, 1) is stable 
if and only if condition ()5.1.7p holds, and we have 

Proposition 5.6.5. The set of 9-semistable points equals 

Mo{v,l)%+ = {(x,y,i,j) I [x,y] = 0, j = 0, i is a cyclic vector for (x,y)}. (5.6.6) 

Proof. According to Theorem 15.1. 5 [ a point (x, y,i,j) G Afo(v, 1) is stable if and only if condition 
(j5.1.7p holds. The condition means that i is a cyclic vector for (x, y), i.e., we have C(x, y)i = C^. 

We claim that the last equation implies j = 0. To see this, we observe that for any a G gl^, we 
have 

(j, ai) = Tr(ao(i0j)) = -Tr(ao[x,y]), Va G gl,. (5.6.7) 

Assume now that a G C(x, y), is a noncommutative polynomial in x and y. Then, we may write 
the matrices x, y , and a in an upper-triangular form, by Lemma 15.6.21 In this form, the principal 
diagonal of the matrix [x, y] vanishes, and we get Tr (a° [x, y]) = 0. Thus, (I5.6.7P implies that the 
linear function j vanishes on the vector space C(x, y)i = C^, and the proposition follows. □ 

For any commuting pair (x,y) G glv and any vector i G C^, we introduce a set of polynomials 
in two indeterminates, x and y, as follows 

Jx,y,i := {/GC[x,y] I /(x,y)i = 0}. 

It is clear that Jx,y,i is an ideal of the algebra C[j;,y]. Furthermore, this ideal has codimension 
V in C[x, y] if and only if the map C[x, y]/ Jx,y,i C'^, / i-^ /(x, y)i, is surjective. The latter holds 
if and only if i is a cyclic vector for the pair (x, y). In fact, one proves 

Corollary 5.6.8. The assigment (x, y, i) i-^ -^x.y.i establishes a bijection between the orbit set 
Mo(v, l)f^g_i_/GLv and the set of ideals J C C[x , y] such that dimC[x,y]/J = v. □ 
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The set of codimension v ideals in the algebra C[j;,y] has a natural scheme structure. The 
resulting scheme Hilb"'(C^) turns out to be a smooth connected variety of dimension 2n, called the 
Hilhert scheme of n points in the plane. Thus, we see that, for w = 1 and A = 0, 9 = —6^, one has 
a natural isomorphism 

Xo,_e+(v,l) =Hilb"(C2). 
In this case, the canonical projective morphism vr, cf. ()5.6.3p . 

vr : Mo,-eA^, 1) = Hilb"(C2) A^o,o(v, 1) = (C" x C")/Sv, 

turns out to be a resolution of singularities, called the Hilhert- Chow morphism. 

Remark 5.6.9. One can show that changing our choice of stability condition from 9 = —9^ to 
9 = 9'^ leads to isomorphic quiver varieties, because of the isomorphisms of Remark 12.3.101 

6. Convolution in homology 

In this section, we review a machinery that produces associative, not necessarily commutative, 
algebras from certain geometric data. The algebras in question are realized as either homology 
or if-groups of an appropriate variety, and the corresponding algebra structure is given by an 
operation on homology, resp. on i^T-theory, known as 'convolution'. 

We refer the reader to |CGj . ch. 2 and 5, see also [Gilj . for more information about the convo- 
lution operation and for other applications of this construction in representation theory. 

In the next section, the formalism developed below will be applied to quiver varieties. 

6.1. Convolution. Let C[X] denote the vector space of C-valued functions on a finite set X. 
Characteristic functions of one element subsets form a C-base of C[X]. 

Let Xr, i = 1,2, be a pair of finite sets. A linear operator K : C[Xi] C[X2] is given, in 
the bases of characteristic functions, by a rectangular \Xi \ x |X2 [-matrix \K{x2,xi)\xi£Xi- We may 
view this matrix as a C-valued function (xi,X2) i— > K{xi,X2), on Xi x X2, called the kernel of the 
operator K. 

The action of K is then given, in terms of that kernel, by the formula 

K: f^K*f, where (K * f){x2) := K{x2, xi)- f{xi). (6.1.1) 

Now, let Xi, i = 1, 2, 3, be a triple of finite sets, and let K : C[Xi] C[X2] and K' : C[X2] 
ClX^l be a pair of operators, with kernels K32 £ C[X3 x X2] and K21 G C[X2 x Xi], respectively. 
One may form the composite operator K °K' : C[Xi] — > €[^3], / 1— > K{K'{f)). 

Explicitly, in terms of the kernels, for any / G C[Xi], the function K(K'{f)) is given by 

X3 ^ K{K'{f)){x3)= J2 ^32(x3,X2)-( K2l{x2, Xi) ■ f {xi)\ 

X2&X2 \2.'ieXi J 

= XI X] K32{x3,X2)-K2l{x2,Xi)\ ■ f{xi). 

Xl&Xi \x2&X2 j 

Thus, the kernel of the composite operator K oK' is a function K32 * K21, on X3 x Xi, given by 
the formula 

(X3,xi) 1-^ {K32 * K2l){x3,Xi) := ^ K32{x3,X2)-K2l{x2,Xi). (6.1.2) 

X2(^X2 
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The operation 



* : C[Xs X X2] X C[X2 X Xi] C[Xs x Xi], K32 x K21 ^ i^32 * K21 (6.1.3) 

is called convolution of kernels. Thinking of kernels as of rectangular matrices, the convolution 
becomes nothing but matrix multiplication. Thus, formula (j6.1.2p corresponds to the standard 
matrix multiplication for IX3I x |X2|-matrix by a \X2\ x |Xi [-matrices. So, all we have done so far 
was a reinterpretation of the fact that composition of linear operators corresponds to a product of 
corresponding matrices. 

Remark 6.1.4. A There is an equivalent, but slightly more elegant, way to write formula ()6.1.2p as 
follows. 

For any map p : X ^ Y, oi finite sets, one has a pull-back map p* : C[y] — > C[X], of functions 
given by {p* f){x) := p{f{x)), Vx G X. We also define a push-forward linear map on functions by 

p, : C[X] ^ C[Y], f^pj, where {p,f){y) := ^ f{x). (6.1.5) 

{xep-Hy)} 

For any pair i,j € {1, 2, 3}, let pij : X^ x X2 x Xi — > Xj x Xj be the projection along the factor 
not named. It is clear that, with the above notation, formula (I6.1.2p may be rewritten as follows 

K32*K2l := ip3i)*{iPhK32)-{p*2iK2i)). (6.1.6) 

We will be especially interested in a special case of convolution (j6.1.6p where Xi = X2 = X3 = X 
is a set with n elements. Then, the convolution product (j6.1.6p makes C[X x X] an associative 
algebra. According to the preceeding discussion, this algebra is isomorphic to the algebra of n x n- 
matrices. 

One may get more interesting examples of convolution algebras by considering an equivariant 
version of the above construction, where there is a group G acting on a finite set X. We let G act 
diagonally on X x X and let C[X x X]*^ C C[X x X] be the subspace of G-invariant functions. 
This space is clearly isomorphic to C[{X x X)/G], the space of functions on the set of G-diagonal 
orbits in X X X. 

It is immediate to check that the convolution product (I6.1.2p - ()6.1.3p is G-equivariant, hence it 
makes C[X x X]'^ a subalgebra of C[X x X]. The resulting algebra [C[X x X]'^ , *) may be shown 
to be always semisimple. Such an algebra need not be simple, so it is not necessarily isomorphic to 
a matrix algebra, in general. 

Example 6.1.7 (Group algebra). Given a finite group G, we take X = G. We let G act on X by left 
translations, and act diagonally on G x G, as before. Observe that the map G x G ^ G, (51,52) ^ 
• 92 descends to a well defined map {G x G)/G ^ G. Moreover, the latter map is easily seen to 
be a bijection. 

We deduce the following chain of vector space isomorphisms 

C[G xGf ^C[{G xG)/G]^C[G]. (6.1.8) 

It is straightforward to check that the restriction of convolution (|6.1.2p - (|6.1.3p to C[G x G]'-' 
goes, under the composite isomorphism in (j6.1.8p . to the standard convolution on a group. The 
latter is given by 

(/*/')(5) = E fi9h-')-nh), V/,/'gC[G]. 

heG 

We conclude that the algebra (C[G x G]*^, *)), with convolution product (j6.1.6p . is isomorphic 
to the group algebra of G. 
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Example 6.1.9 (Hecke algebra). Let G = G{¥) be a split reductive group over a finite field F = ¥g. 
Let B C G be a Borel subgroup of G. We put X := G/B, and let G act on X by left translations. 
It is known, thanks to the Bruhat decomposition, that G-diagonal orbits in G/B x G/B are labelled 
by the elements of W, the Weyl group of G. 

The resulting convolution algebra Hq{G) := {C[G/B x G/B]^ , *) is called the Hecke algebra of 

G. 

6.2. Borel-Moore homology. We are going to extend the constructions of the previous subsection 
to the case where finite sets are replaced by smooth C°°-manifolds. 

Thus, we let Xj, i = 1,2,3, be a triple of smooth manifolds. One might try to replace the 
summation in formula (j6.1.2[) by integration to get a convolution product of the form * : C°°(X3 x 
X2) X C^{X2 X Xi) ^ C°°(X3 X Xi), cf (I6X3]1 . 

To make this work, one still needs additional ingredients. One such ingredient is a measure on 
X2 that is necessary in order to define the integral that replaces summation in formula (j6.1.2p . 

An alternate approach, that does not require introducing a measure, is to replace functions by 
differential forms. In this way, one defines a convolution product 

fiP(X3XX2)xl^'?(X2XXi) ^J7P+'?-<ii-^-(X3XXi), i^32XK21^ / {pl^K^) ^{pllK2l) ■ (6.2.1) 

To insure the convergence of the integral in (j6.2.ip one may assume, for instance, that the 
manifold X2 is compact. A slightly weaker assumption, that is sufficient for (j6.2.ip to make sence, 
is to restrict considerations to differential forms with certain support condition that would insure, 
in particular, that the set 

P32^(supp K32) n (supp ii'21 ) be compact. (6.2.2) 

Unfortunately, none of the above works in the examples arising from quiver varieties that we 
would like to consider below. In those examples, the manifolds Xi, i = 1,2,3, are the quiver 
varieties, which are noncompact complex algebraic varieties. It turns out that the only natural 
support condition one could make in those cases in order for (j6.2.2l) to hold, is to require supports 
of i^32 and K21, in (j6.2.ip . be contained in appropriate closed algebraic subvarieties. 

Obviously, any C°°-differential form on a manifold whose support is contained in a closed (proper) 
submanifold must vanish identically. There are, however, plenty of 'distribution-like' differential 
forms, called currents, which may be supported on closed submanifolds. Indeed, replacing differen- 
tial forms by currents resolves the convergence problem for integration. Unfortunately, introducing 
currents creates another problem: the wedge-product operation, which is used in (j6.2.ip . is not well 
defined for currents. 

All the above difficulties may be resolved by introducing homology. Recall that there is the de 
Rham differential acting on the (graded) vector space 0,'{X), of differential forms on a manifold X. 
The homology of the resulting de Rham complex (Q' {X), dj is isomorphic to H' {X, C), the singular 
cohomology of X with complex coefficients. Similarly, there is a natural de Rham differential on 
the (graded) vector space of currents on X, and the homology of the resulting complex is known 
to be isomorphic to H^^^ {X,C), the Borel-Moore homology of X with complex coefficients. The 
latter is the homology theory that we are going to use. 

For practical purposes, it is more convenient to use a different (a posteriori equivalent) definition 
of Borel-Moore homology based on Poincare duality rather than on the de Rham complex of 
currents. We now recall this definition. 

Let M be a smooth oriented C°°-manifold of real dimension m. One defines Borel-Moore ho- 
mology of a closed subset X C M to be the following relative cohomology 

H^'^^X) := H'{M,M\ X;C). (6.2.3) 
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It can be shown that the group on the right is, in fact, independent of the choice of a closed 
imbedding of X into a smooth manifold. 

Notation 6.2.4. From now on, we drop the superscript 'BM' and let H.{X) stand for 
Borel-Moore homology (rather than ordinary homology) of X. 

A property that makes Borel-Moore homology so useful for our purposes is that, for any X, 
which is either a smooth connected, and oriented C°°-manifold or an irreducible complex algebraic 
variety, the space Hm{X), where m := dim^X, is 1-dimensional; furthermore, there is a canonical 
base element [X] G Hm{X), called the fundamental class of X. 

Remark 6.2.5. Note that, in the ordinary homology theory, fundamental classes only exist for com- 
pact manifolds, while such a compactness condition is not necessary for the fundamental class to 
exist in Borel-Moore homology. 

We record a few basic properties of the Borel-Moore homology theory. First, for any proper map 
p : X ^Y, there is a push- forward functor p^, : H.{X) — > H.iY). 

Second, there is a cap-product on Borel-Moore homology. In more detail, given two closed subsets 
X, y C M, where M is a smooth oriented manifold of real dimension m, one has a cup product 

U: F'"-*(M,M\X; C) x F'"~^'(M, M \ F; C) ^ H'^'^~''^ {M,M \ {X \JY)- C). 

We define a cap-product on Borel-Moore homology by transporting the above cup product via 
formula ([6.2.30 : this way we obtain a cap-product pairing 

n : H,{X) X Hj{Y) ^ Hi+j^m{X), m = dimR M. (6.2.6) 

It should be emphasized that the cap-product so defined does depend on the ambient smooth 
manifold M. 

6.3. Convolution in Borel-Moore homology. There is a convolution product in Borel-Moore 
homology that provides an adequate generalization, from the case of finite sets to the case of 
manifolds, of the convolution product (|6.1.6p . 

To define the convolution product , fix Mj, i = 1, 2, 3, a triple of smooth oriented manifolds, and 
let pij : Ml X M2 X M3 Mi x Mj denote the projection along the factor not named, cf. (I6.1.6p . 

Definition 6.3.1. A pair of closed subsets Zyi C M\ x M2 and Z23 C M2 x M3 is said to be 
composable if the following map (I6.3.2p is proper 

Pi3 : {piiZu) n (P23^Z23) ^ Ml X Ms. (6.3.2) 

Given composable subsets as above, we define their composite to be 

Z12 o Z23 := pi3[{PuZi2) n {P23Z23)] C Ml X M3. 

Now, let Z12 C Ml X M2 and Z23 C M2 x M3 be as above, and put mj := dimMj. 
We use M := Mi x M2 x M3 as an ambient manifold and apply formula (|6.2.6p . In this way, we 
get a cap product map 

n : Hi+m.^{p^^ Z12) X Fj+mj(p23^Z23) > Hi+j^rn2{{PuZi2) D (p^3^Z23)). 

Assume further that Z12 and Z23 are composable. Then, we have a push-forward morphism 
(pis)*; on Borel-Moore homology, induced by the proper map (I6.3.2p . 

One defines the convolution in Borel-Moore homology as the following map, cf. (I6.1.6p . ()6.2.ip . 

*: Hi{Zi2) X Hj{Z23) > -f^i+j-dimA/2(^12 o Z23), 

ci2 X C23 ^ C12 * C23 := (pis)* ((ci2 ^ [M3]) R ([Mi] M C23)) . (6.3.3) 
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6.4. Convolution algebra. Fix M, a smooth complex algebraic variety, not necessarily connected, 
in general. Further, let y be a (not necessarily smooth) algebraic variety and n : M ^ Y, a proper 
morphism. Thus, we may form a fiber product Z := M Xy M, a closed subvariety of M x M. 

One may apply the convolution in Borel-Moore homology operation in a special case where 
Ml = M2 = M3 = M, and Z12 = Z23 = Z. The assumption the morphism tt be proper insures that 
the set Z is composable with itself in the sense of Definition 16.3.11 Furthermore, it is immediate 
to check that one has Z o Z = Z. Thus, the convolution product (|6.3.3p gives H.{Z), the total 
Borel-Moore homology group of Z, a structure of associative algebra. The fundamental class [A], 
of the diagonal A C M x M, is the unit of the algebra [H.{Z), *). 

Next, pick a point y and put My := Tr~^{y). Consider the setting of section [Ol in the special 
case where Mi = M2 = M, and where M3 = pt is a point. Thus, we have M2 x M3 = M2 xpt = M, 
and put Z12 '■= M xy M = Z, as before, and Z23 := My = 7r~^(y), viewed as a closed subset in 
M2 X M3 = M. 

It is immediate to check that the sets Z and My are composable and, moreover, one has ZoMy = 
My. Therefore, convolution in BM homology gives the space H.{My) an ff. (Z)-module structure. 

Let Y denote a set that provides a labelling for connectected components of the manifold M. 
We write M^*") for the connectected component with label r G 1^. For any pair MW,M('^), of 
connectected components, we put := Zn(M('') x M^^)). Similarly, we put M^**^ := Mj^nM^''), 

for any r G r. Clearly, we have H.{Z) = H.{Z(^''^), resp. H.{My) = ©^^^ H.{M^''^). 

(r) 

We write Htop[My ) for the top Borel-Moore homology group of My . This group has a natural 

(r) 

basis formed by the fundamental classes of irreducible components of the variety My of maximal 
dimension. 

Next, for each pair (r, s), we introduce a new Z-grading on the vector space H.{Z^''''^) as follows 

Hyi^{Z^^^''^) := Hd-^{Z^'''''^) where d := i(dimM M^*") + dim^ M^")). (6.4.1) 

We extend this grading to H.{Z) by setting H^i^{Z) = 0^,gy iJ[i](Z('^'^)). 
The following result is an immediate consequence of formula (j6.3.3p . 

Lemma 6.4.2. (i) The new grading makes -ffj,](Z) a graded algebra with respect to the convolution 
product, i.e., we have H\^j^{Z) * Hy]{Z) C H[i_^_j]{Z), for any i,j € Z. In particular, H[Qj{Z) is a 
subalgebra of the convolution algebra (i7[,](Z), *) . 

(ii) For any y ^ Y, the vector space Htop{My) := ©^.gy HtopiMjf^) is stable under the 
convolution- action of the subalgebra H^(Z) C H^,^{Z) on H.(My). □ 

Remark 6.4.3. In the especially important case where M is connected and the map vr : M — > y is 
semismall, eg. the case where vr is a symplectic resolution, for the integer d appearing in ()6.4.ip . 
we have d = dim^M = dim^Z. Thus, in such a case, one has H^{Z) = Htop{Z). This group has 
a natural basis formed by the fundamental classes of irreducible components of the variety Z of 
maximal dimension. 

Remark 6.4.4. The material of § §6.3116.41 is taken from [Gi3j . The general notion of convolution 
algebra in Borel-Moore homology, as well as the geometric construction of its irreducible represen- 
tations, was discovered in that paper. 

7. Kac-Moody algebras and Quiver varieties 

7.1. Throughout this subsection, we fix a quiver Q, without edge loops, and a dimension vector 
w € Z,^ . We also fix a stability parameter € and use simplified notation A4g{v,w) := 
, w), resp. A1o(v, w) — y\//o,o(v, w). Recall that we write v > v' whenever v — v' € Z^q. 
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Given a pair < v' < v, of dimension vectors, we choose /-graded vector spaces V, V', and 
W such that dim/ F = v, dim/ 1/' = v', and dim/ = w. Thus, we identify Nakajima's 
varieties of relevant dimesions with corresponding Hamiltonian reductions of the representation 
spaces Rep{Q^ ,V,W), resp. Rep{Q^ ,V' ,W). Therefore, a choice of /-graded vector space iso- 
morphism (j) : V (B V" clearly induces a vector space imbedding j,^ : Rep{Q^ ,V' ,W) — > 

Rep(Q^,V,W), (x',y',i',j') ^ (x', y', i', j') 0", where 0" € Rep(Q^,V",W) denotes the zero 
quadruple. The latter imbedding induces a morphism A^o(v',w) 7V4o(v,w), of the correspond- 
ing categorical quotients. 

Remark 7.1.1. Note that the map does not give rise to any natural morphism A4g{v' ,w) — > 
A^e(v,w) because the stability conditions involved in the definitions of these spaces are not com- 
patible, in general. 

We observe that, for any other /-graded vector space isomorphism ip : V' (B V" ^ V , there exists 
an element g G Gv such that one has Jip = g° J(f,- It follows, that the maps and induce the 
same morphism t^/ ^ : A4o{\'' ,w) — > A4q{v,w). Thus, the latter morphism is defined canonically. 
Furthermore, according to [Na4| Lemma 2.5.3], one has 

Lemma 7.1.2. For any dimension vectors v' < v, the canonical morphism v,v : -^o(v',w) 
A4o{v,w) is a closed imbedding. □ 

Thus, for any v' < v, one has natural inclusions 7V4q(v',w) ^ M.q{v' ,w) ^ A4q{v,w). Here, 
the first inclusion is an open, resp. the second inclusion i^/^ is a closed, imbedding. Below, we will 
identify 7V4q(v', w) with a subset of A4o(v,w) via the composite imbedding and put 

>[r^(v,w) := Uo<v'<v M°o{V,w). (7.1.3) 

Remark 7.1.4. (i) If Q is a finite Dynkin quiver of type A, D, E, cf. Example l4.5.9l then, according 
to [Na2l Remark 3.28], one has Mo{v,w) = Mf°'^iv,w). 

(ii) Let Q be an extended Dynkin quiver and let T C SL2{C) be the finite subgroup associated 
with Q via the McKay correspondence, cf. Q4.61 Then, one can show that there is a natural 
decomposition 

A^o(v,w)= IJ A^S(v',w) xSym^(CVr), 

{v'eZi.(,, fc>0 I v'+A;-<5<v} 

where 6 denotes the minimal imaginary root. 

Furthermore, the set 7Wq°°'^(v, w) equals the union of pieces in the above decomposition corre- 
sponding to A; = 0. Thus, in this case, we have 7Wo(v,w) / TW^ood^^ 

, w), in general. 



7.2. A Steinberg type variety. Let v',v E Z>q be a pair of dimension vectors, and identify 
Alo(v',w) with a closed subset of 7Wo(v + v',w) via the canonical imbedding. Thus, we get a 
well defined composite A4g{v,w) j\4q{v,w) ^ A4q{v,w), where the first map is the canonical 
projective morphism. 

Definition 7.2.1. Given G and any pair v,v' G Z^, of dimension vectors, we define an 
associated Steinberg variety 

Ze(v,v',w) := A4e(v, w) x_^„(v+v',w) -A^elv', w) c A^e(v, w) x A^0(v', w), (7.2.2) 
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as a fiber product in the following diagram 

Z(v,v',w) (7.2.3) 




Mo{^r, w)C — 7Wo(v + v', w) — >Xo(v', w) 

^v,v+v' ^v',v+v' 



By definition, the morphisms vr induce a natural projective morphism ttz ■ Zg{v,v' ,w) — 
A^o(v + v',w). 

The Steinberg variety is typically quite singular and has many irreducible components. In the 
special case where v = v', the diagonal Aie(y, w) C M.e{^, w) x ^Ag(y, w) is one such component, 
which is smooth provided 6 is v-regular. 

Assume now that 9 = 6^, and write A^(v,w) := A^0+(v,w), resp. Z(v, v',w) := Ze(v,v',w). 
Then, A^(v,w), resp. A^(v',w), is a smooth symplectic algebraic variety with symplectic 2-form 
Lo, resp. Lo' . We equip the cartesian product A^(v, w) x A4(v',w) with the symplectic 2-form 
LO + i-Lo'). 

Next, recall the set introduced in (17.1. 3p and put 

Ze°°^(v,v',w) := Z(v,v',w) \ tt^^ {Mo{^ + v', w) \ X^°°'^(v, w)) , 

where bar stands for the closure. Thus, Z^°°'^{^r,^r' ,w) is an open subset of Z(v, v',w). 
According to [Na2] , Theorem 7.2, one has 

Theorem 7.2.4. (i) Any irreducible component o/ Z^°°*^(v, v', w) is a (locally closed) Lagrangian 
subvariety o/A^(v,w) x A4{v',w). 

(ii) The dimension of any irreducible component of Z {v , v' , w) is < ^ ( dim A4(v, w)+dim A^(v', w)) . 

Nakajima also proves, cf. |Na21 Corollary 10.11]. 

Proposition 7.2.5. Let Q be either a finite Dynkin or an extended Dynkin quiver. Then, each 
irreducible component o/Z(v, v',w) has dimension equal to ^(dimA^(v,w) + dim A^(v', w)) . 

In the case of finite Dynkin quivers, the result follows from Remark 17. 1.4[ The extended Dynkin 
case may be proved using the fact that a similar result is known to hold for the Jordan quiver, see 
[TMI Remark 1.23] 



7.3. Geometric construction of U{q). We keep the assumption and notation of the previous 
subsection, in particular, we take (A,0) = (0,^+). and write A^(v,w) := 7V4o,e+ (v, w), etc. We use 
simplified notation Al(v,w) := 7Wo,e+ (v, w), and A^o(v,w) = A4o,o(v,w), etc. 
We introduce the following disconnected varieties 

M(w) := y -^(v,w), Mo(w) := |J Xo(v,w), Z(w) := |J Z(w,v,v'). 



'I am grateful to H. Nakajima for clarifying this point to me. 
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Thus, the morphisms vr : A^(v,w) — > A4q{v,w) may be assembled together to give a morphism 
M(w) —f Mo(w), and we have Z(w) = Af(w) Xj;/,j(w) M(w). Also, we define 

/ 



m>0 



n i/[o](^(w,v,v')) 

V{(v,v')e2;^>oXZ^>0 I |v-v'|<m} 



where, for any v, v' G Z^, we write |v — v'| := Yli^i l^i ~ i- 

Thus, ffw is a certain completion of the direct sum 0^^/ //[gj (^(w, v, v')) whose elements 
are, in general, infinite sums; at a heuristic level, one has H-^ = H[q^{Z{w)). It is easy to see 
that convolution in Borel-Moore homology for various pairs of spaces Z(w, v, v') extends to a well 
defined operation on that makes {H^, *) an assiciative C-algebra. 

We also let A(v,w) = 7r~^(0) be the zero fiber of the morphism vr, cf. §5.41 We put 

Aw := y A(v,w), resp. := /7top(A(v, w)) . 

Thus, heuristacally, one has Lw = i?top(Aw)- 

Recall next that, associated with the Cartan matrix Cg, of the quiver Q, there is a canonically 
defined Kac-Moody Lie algebra qq, with Chevalley generators e^, hi, fi, i G I, see |Ka| . We write f) 
for the Cartan subalgebra of qq. For each i I, let ai G f)* denote the corresponding simple root, 
resp. VDi ^ \] denote the corresponding fundamental weight such that Wi{hi) = 1 and Wi{hj) = 
for any j ^ i- 

Let U{qq) be the universal enveloping algebra of qq. There is a convenient modification of this 
algebra where the Cartan part in the standard triangular decomposition of U^qq) is replaced by 
the weight lattice. The resulting algebra UIqq), called the modified enveloping algebra, was first 
introduced by Lusztig, cf. [Llj . 

One of the main results of Nakajima's theory reads, see |Na21 Theorem 9.4 and §11] 

Theorem 7.3.1. (i) There is a natural algebra homomorphism ^ : U{qq) H-^. 

(ii) The U{QQ)-action on the vector space L-^, induced by the homomorphism ^ via Lemma 
\6.4-^ ii), makes the latter a simple integrable Qq-module with highest weight Yli&i'^i ' '^i- 



Remark 7.3.2. Theorem 15.4.21 implies that A^ is a (disconnected) Lagrangian subvariety of M(w), 
a disconnected symplectic manifold. It follows that the fundamental classes of all irreducible com- 
ponents of the variety A^ form a natural basis in the vector space Lw = ^^top(Aw)- This basis 
goes, via the identification provided by Theorem 17.3. l( ii). to a so-called semicanonical basis in the 
corresponding simple U{qq) -module, cf. |L4j . 

Remark 7.3.3. In the special case where Q is a Dynkin quiver of type A, Theorem 17. 3. II reduces to 
an earlier result obtained in [Gi3j . where the corresponding Steinberg variety was introduced. 

Many interesting interconnections arising specifically in the case of quivers of type A are discussed 
in [MY]. 

Hint on proof of Theorem \7. 3. 1\ The homomorphism ^, of Theorem I7.3.1f i). is constructed by 
sending each of the Chevalley generators e^, hi, fi, z G / to an appropriate explicit linear combi- 
nation of the fundamental classes of some carefully chosen smooth irreducible components of the 
Steinberg variety Z(w). 

Specifically, fix z € / and let e* = (0, . . . , 0, 1, 0, . . . , 0) S denote the z-th coordinate vector. 
Then, the generator hi is sent to a linear combination of the form Ov • [A^(v,w)], where 
[A^(v,w)] denotes the fundamental class of the diagonal 7W(v,w) C 7W(v,w) x A4(v,w), and 
fflv G Q are certain rational coefficients. 
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The generator is sent to a linear combination of the form • [^*(v, w)]. Here Z^(v, w) C 

A4{v, w) X Al(v+e*, w), is a smooth irreducible component of the Steinberg varietiy Z{v, v+e*, w), 
and 6j G Q are some coefficients. Similarly, the generator /j is sent to a linear combination of the 
form^^ Cv-[^*(v-e\ w)°P], Cv G Q. In the last formula, Z*(v-e\w)°P C 7W(v, w) x A^(v-e*, w) 
is a subvariety which is obtained from the variety Z^{v — e*,v) C Ai{v — e*,w) x A^(v,w), 
involved in the formula for the generator e^, by the flip-isomorphism A4{v — e*, w) x A^(v, w) = 
A4(v, w) X Al(v - e*, w). □ 

The following result was proved in \Na2\ Theorem 10.2] 

Theorem 7.3.4. Let x G Mq{v',w) for some < v' < v, and view x as a point in A4o{v,w). 

Then, one has 

(i) The fiber A^(v, w)^; = -k-^{x) is equi- dimensional; 

(ii) The convolution product makes Htop{M{'v,'w)x) an U{QQ)-module. This is an integrable 
simple U{QQ)-module with the highest weight equal to J2iei ' '^i ~ ' '^i)- 

Remark 7.3.5. Note that part (ii) of the above theorem reduces, in the special case v' = 0, to 
Theorem 17.3.1 ( ii) . 

In the paper |Na4] . Nakajima proves analogues of Theorems 17.3.11 and 17.3.1} where the algebra 
U{gQ) is replaced by UqCqq), the (modified) quantized enveloping algebra of the affinization of the 
Kac- Moody algebra qq. Accordingly, Borel- Moore homology is replaced in [Na4j by equivariant 
iC-theory; in particular, the algebra H-^ is replaced by (a completion of) i^*^™^*^^ (Z(w)) , the 
Gw X -equivariant i^-group of the Steinberg variety. 

In the special case where Q is a Dynkin quiver of type A„_i we have g = s[„. One can use 
the description of the corresponding quiver varieties in terms of partial flag manifolds provided by 
Proposition [5331 The results of Nakajima [Na4j reduce, in this case, to the results obtained earlier 
in [GVj . cf. also [Y] (in these papers, the authors consider the algebra C/g(g[„) rather than C/q(sl„), 
but the difference is not very essential). 

Remark 7.3.6. The use of equivariant JC-theory by Nakajima was strongly motivated by a similar 
approach to representations of affine Hecke algebras that has been known at the time, see [KL] and 

m- 
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